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Summary 
A final report is provided which describes the research program under the indicated 
NASA support during the period March 3, 1992, to June 3, 1993. A summary of the 
technical research questions that have been studied and of the main results that have been 
obtained is given. The specific outcomes of the research program, including both 
educational impacts as well as research publications, are listed. 
The Research Accomplishments 
Our research has been concerned with efficient reorientation maneuvers for 
spacecraft with multiple articulated payloads. This work is closely related to control 
problems for nonholonomic mechanical systems and involves, in a fundamental way, a 
number of new ideas in nonlinear control theory. Hence, our research has, emphasized 
both the development of an underlying theory as well as specific spacecraft reorientation 
maneuvers. During the indicated time period, the following issues have been studied. 
Modeling of mace multibodv svstems as nonholonomic dvnamic svstems: Many 
examples of nonholonomic dynamic systems occur for mechanical systems which exhibit' 
nonintegrable motion integrals; these include interconnections of rigid and flexible bodies in 
space where the control inputs are consistent with conservation of angular momentum; 
under certain assumptions even the attitude dynamics of a single rigid spacecraft is an 
example of a nonholonomic dynamic system. The key common ingredient in all of these 
examples is the existence of motion integrals which are nonholonomic or nonintegrable in a 
precise mathematical sense [1,3]. This whole line of research is motivated by an interest in 
carrying out reorientation maneuvers which avoid the use of gas jet thrusters or reaction 
devices; consequently, these reorientation maneuvers are highly efficient in terms of energy 
or fuel requirements. 
Control of spacecraft with multiple articulated pavloads svstems: It is only within the last 
several years that research on control of nonholonomic dynamic systems has been initiated. 
There have been a number of important recent advances, both in the theory for control of 
nonholonomic dynamic systems and in the applications of that theory to reorientation 
problems of spacecraft with multiple articulated payloads. The results that we and others 
have obtained indicate the inherent difficulty of such problems: we have shown that there is 
no smooth (i.e. differentiable) feedback controller which can stabilize such .dynamic 
systems [1,3]. Consequently there is no linear controller which can stabilize such systems. 
Until recently, there has been absolutely no stabilization theory which could be applied to 
these difficult problems. We have introduced the correct mathematical formulation of such 
control problems; we have demonstrated the fact that smooth stabilizing (time invariant) 
controllers cannot exist, and we have begun to develop control design approaches for 
obtaining (nonsmooth) stabilizing controllers [1,3]. 
Soecific reorientation maneuvers for spacecraft with multi~le articulated p a v l o u :  A large 
part of our research effort has been directed at the study of specific examples of spacecraft 
reorientation maneuvers. These examples are of interest in their own, and they provide 
much insight for us in our general studies. We have studied the following classes of 
problems: 
Planar multibodv svstems [1,4;7]. Planar spacecraft maneuvers illustrate the 
fundamental maneuver characteris~cs and the associated mathematical framework is in 
the simplest form to study these manevuers. There is a striking similarity with the 
maneuvers camed out by "a falling cat which reorients itself." 
Spacecraft attitude control [5,6,8,9,10]. Reorientation maneuvers of rigid spacecraft fit 
within the general framework studied if control torques can be applied about only two 
of the principal axes of the spacecraft. Our results provide an essentially complete 
analysis of all possible situations under which attitude stabilization can be achieved 
using two control torques. 
Free-free flexible beam in mace [11,12]. This is a simple beam model of a spacecraft 
system with distributed flexibility which can be reoriented with respect to a fixed 
inertial frame by appropriate excitation of the deformable shape of the beam. 
Space station attitude disturbances arising from internal motions [13]. The effects of 
internal periodic motions in a space station are demonstrated to lead to attitude 
disturbances of the space station. 
Redesign of the existing manned maneuvering unit. This research, not yet published; 
uses only internal motions to accomplish reorientation of an astronaut manned 
maneuvering unit; these results suggest that such a design are significantly more fuel 
efficient than the current design, allowing substantially increased mission duration. 
Outcomes of the Research Program 
E ducational Im~acts:  There have been several important educational outcomes as a 
consequence of the research support. 
Three Ph.D. students have received partial financial support. 
1. Mr. M. Reyhanoglu was partially supported to complete his Ph.D. research. This 
support resulted in completion of his Ph.D. degree in the Department of Aerospace 
Engineering in June, 1992. Mr. Reyhanoglu was a coauthor on several research papers 
as indicated below. 
2. Mr. H. Krishnan was partially supported to complete his Ph.D. research. This 
support resulted in completion of his Ph.D. degree in the Department of Aerospace 
Engineering in September, 1992. Mr. Krishnan was a coauthor on several research 
papers as indicated below. 
3. Mr. I. Kolmanovsky was partially supported to complete his M.S. degree in the 
Department of Aerospace Engineering; he is currently beginning his Ph.D. research. 
This support resulted in the research papers indicated below. 
An additional Ph.D. student, Mr. P. McNally, has been involved in research that is closely 
associated with the NASA project, but they has not directly received project support. 
Research papers in which he has been involved are indicated below. 
During the past year, the principal investigator and his graduate student colleagues gave 
several presentations on subject matter related to this project; this includes presentations 
both at university colloquiums as well as at special workshops: 
M. Reyhanoglu, N. H. McClamroch and H. Krishnan, "Nonlinear Control of 
Mechanical Systems with Nonholonomic Motion Invariants: Theory and Physical 
Examples," Washington U. - NSF Workshop on Nonlinear Control, St. Louis, May, 
1'992. 
N. H. McClarnroch, "Nonlinear Attitude Control of Planar Structures in Space using 
only Internal Controls," Problems in Sensing, Identification and Control of Flexible 
Structures Workshop, The Fields Institute for Research in Mathematical Sciences, 
Waterloo, Ont., June, 1992. 
M. Reyhanoglu and N. H. McClamroch, "Geometric Phase Computations Arising in 
Control Problems for Nonholonomic Caplygin Systems," SIAM Conference on Control, 
September, 1992. 
M. Reyhanoglu, N. H. McClamroch and H. Krishnan, "Attitude Stabilization of a Rigid 
Spacecraft using Gas Jet Actuators Operating in a Failure Mode," S U M  Conference on 
Control, September, 1992. 
N. H. McClamroch, "Attitude Stabilization of a Rigid Spacecraft Operating in an 
Actuator Failure Mode," The University of Michigan, October, 1992. 
N. H. McClamroch, "Nonlinear Attitude Control of Space Structures using only Internal 
Controls," Stanford University, November, 1992. 
N. H. McClamroch, "Control of Nonholonomic Dynamic Systems," University of 
California, Berkeley, November, 1992. 
H. Krishnan, M. Reyhanoglu and N. H. McClamroch, "Attitude Stabilization of a 
Rigid Spacecraft using Gas Jet Actuators in a Failure Mode," IEEE Conference on 
Decision and Control, December, 1992. 
I. Kolmanovsky and N. H. McClamroch, "Planar Reorientation of a Free-Free Beam in 
Space using Embedded Electromechanical Actuators," SPIE Conference on Smart 
Structures and Materials '93, February, 1993. 
I. Kolmanovsky, "Planar Reorientation of a Free-Free Beam in Space using Embedded 
Electromechanical Actuators," The University of Michigan, February, 1993. 
I. Kolmanovsky and N. H. McClatnroch, "Planar Reorientation of a Free-Free Beam in 
Space using Embedded Electromechanical Actuators," 1993 American Control 
Conference, June, 1993. 
P. J. McNally and N. H. McClamroch, "Space station Attitude Disturbances Arising 
from Internal Motions," 1993 American Control Conference, June, 1993. 
Consequently, the results of the supported research have been disseminated widely via 
personal presentations as well as through written publications. 
Research Publications: The results of our research have been documented in written form 
and published in archival journals and in conference proceedings. A summary of these 
outcomes is indicated: 
Ph.D. Dissertations 
[I] M. Reyhanoglu, "Control and Stabilization of Nonholonomic Dynamic Systems," 
Department of Aerospace Engineering, June, 1992. 
[2] H. Krishnan, "Control of Nonlinear Systems with Applications to Constrained Robots 
and Spacecraft Attitude Stabilization," Department of Aerospace Engineering, September, 
1992. 
Publications in Archival Journals 
[3] A. M. Bloch, M. Reyhanoglu and N. H. McClarnroch, "Control and Stabilization of 
Nonholonomic Dynamic Systems," IEEE Transactions on Automatic Control, Vol. 37, 
NO. 11, 1992, 1746-1757. 
[4] M. Reyhanoglu and N. H. McClarnroch, "Reorientation Maneuvers of Planar 
Multibody Systems in Space using Internal Controls," AIAA Journal of Guidance, Control 
and Dynamics, Vol. 15, No. 6, 1992, 1475- 1480. 
[5] H. Krishnan, N. H. McClamroch, and M. Reyhanoglu, "Attitude Stabilization of a 
Rigid Spacecraft using Two Control Torques: A Nonlinear Control Approach Based on the 
Spacecraft Attitude Dynamics," submitted for publication. 
[6] H. Krishnan, N. H. McClamroch, and M. Reyhanoglu, "Attitude Stabilization of a 
Rigid Spacecraft using Two Momentum Wheel Actuators" submitted for publication. 
'ted Book Publication in 
[7] M. Reyhanoglu and N. H. McClarnroch, "Nonlinear Attitude Control of Planar 
Structures in Space using only Internal Controls," Proceedings of Workshop on Problems 
in Sensing, Identification and Control of Flexible Structures, The Fields Institute for 
Research in Mathematical Sciences, Waterloo, Ont., to appear. 
Conference Publications 
[8] H. Krishnan, N. H. McClamroch and M. Reyhanoglu, "On the Attitude Stabilization of 
a Rigid Spacecraft using Two Control Torques," American Control Conference, 1992, 1990- 
1995. 
[9] H. Krishnan, N. H. McClamroch and M. Reyhanoglu, "Attitude Stabilization of a Rigid 
Spacecraft using Momentum Wheel Actuators Operating in a Failure Mode," World Space 
Congress, August, 1992, IAF-92-0035. 
[lo] H. Krishnan, M. Reyhanoglu and N. H. McClamroch, "Attitude Stabilization of a 
Rigid Spacecraft using Gas Jet Actuators in a Failure Mode," Proceedings of IEEE 
Conference on Decision and Control, December, 1992, Tucson, Az., 1612- 1617. 
[ l l ]  I. Kolmanovsky and N. H. McClarnroch, "Planar Reorientation of a Free-Free Beam 
in Space using Embedded Electromechanical Actuators," SPIE Conference on Smart 
Structures and Materials '93. 
[12] I. Kolmanovsky and N. H. McClamroch, "Efficient Reorientation of a Deformable 
Body in Space: A Free-Free Beam Example," 1993 American Control Conference. 
[13] P. J. McNally and N. H. McClarnroch, "Space Station Attitude Disturbances Arising 
from Internal Motions," 1993 American Control Conference. 
Copies of the Ph.D. dissertation abstracts [1,2] are enclosed; copies of the above papers [3- 
131 are enclosed. One complete copy of each of the Ph.D. dissertations [1,2] has been sent 
to the NASA Technical Officer, S. Joshi. 
Conclusion 
Substantial progress has been made in our research on spacecraft with multiple 
articulated payloads. We have plans to continue our research in this important area The 
main areas of study will be: formal approaches to design of stabilizing (discontinuous) 
feedback control laws , extension of our work on attitude control of spacecraft involving 
flexible components, and extension of our work on non-planar spacecraft attitude control. 
The support from NASA has been critical in providing us an opportunity to make 
major advances in the development of the theory and applications of this new class of space 
based control problems. 
It should be noted that the published,papers provide acknowledgement to NASA for 
financial support of part of this research. In some cases, acknowledgement is also given 
to the National Science Foundation for their support of our related research on control of 
nonholonomic dynamic s ys terns. 
ABSTRACT 
CONTROL AND STABILIZATION OF NONHOLONOMIC DYNAMIC 
SYSTEMS 
by 
Mahmu t Reyhanoglu 
Chairperson: N.H. McClamroch 
A theoretical framework is established for the control of nonholonomic dynamic 
systems, i.e. dynamic systems with nonintegrable constraints. In particular, we 
emphasize control properties for nonholonomic systems that have no counterpart in 
holonomic systems. A model for nonholonomic dynamic systems is first presented 
in terms of differential- algebraic equations defined on a phase space. A reduction 
procedure is carried out to obtain reduced order state equations. Feedback is then 
used to obtain a control system in 'a normal form. The assumptions guarantee that 
the resulting normal form equations necessarily contain a nontrival drift vector field. 
Conditions for smooth (C") asymptotic stabilization to an m-dimensional equilib- 
rium manifold are presented; we also demonstrate that a single equilibrium solution 
cannot be asymptotically stabilized using continuous static or dynamic state feed- 
back. However, any equilibrium is shown to be strongly accessible and small time 
locally controllable. An approach using geometric phases is developed as a basis. for 
the codtrol of Caplygin dynamical systems, i.e. nonholonomic systems with certain 
symmetry properties which can be expressed by .the fact that the constraints are 
cyclic in certain variables. The theoretical development is applied to physical ex- 
amples of systems that we have studied in detail elsewhere: the control of a knife 
edge moving on a plane surface and the control of a wheel rolling without slipping 
on a plane surface. The resulkare also applied to the reorientation of planar multi- 
body systems using joint torque inputs and to the reorientation of a rigid spacecraft 
using momentum wheel actuators, since in these examples conservation of angular 
momentum gives rise to nonintegrable motion invariants. 
ABSTRACT 
CONTROL OF NONLINEAR SYSTEMS WITH APPLICATIONS 
TO CONSTRAINED ROBOTS AND 
SPACECRAFT ATTITUDE STABILIZATION 
Hariharan Krishnan 
Chairman: N. Harris McClarnroch 
I This thesis is organized in two parts. In Part 1, control systems described by a class of nonlinear differential and algebraic equations are introduced. A procedure 
1 for local stabilization based on a local state realization is developed. An alternative 
I 
approach to local stabilization is developed based on a classical linearization of the 
r" 
, nonlinear differential-algebraic equations. A theoretical framework is established for 
I 
/ solving a tracking problem associated with the differential-algebraic system. First, a 
r 
i simple procedure is developed for the design of a feedback control law which 
I ensures, at least locally, that the tracking error in the closed loop system lies within 
any given bound if the reference inputs are sufficiently slowly varying. Next, by 
t 
imposing additional assumptions, a procedure is developed for the design of a feed- 
1 
back control law which ensures that the tracking error in the closed loop system 
approaches zero exponentially for reference inputs which are not necessarily slowly 
varying. The control design methodologies are used for simultaneous force and posi- 
tion conaol in constrained robot systems. The differential-algebraic equations are 
shown to characterize the slow dynamics of a certain nonlinear control system in 
nonstandard singularly perturbed form. 
---- \\ - 1 
In Part 2, the attitude stabilization (reorientation) of a rigid spacecraft using only 
two control torques is considered. First, the case of momentum wheel actuators is 
considered. The complete spacecraft dynamics are not controllable. However, the 
spacecraft dynamics are small time locally controllable in a reduced sense. The 
reduced spacecraft dynamics cannot be asymptotically stabilized using continuous 
feedback, but a discontinuous feedback control strategy is constructed. Next, the case 
of gas jet actuators is considered. If the uncontrolled principal axis is not an axis of 
symmetry, the complete spacecraft dynamics are small time locally controllable. 
However, the spacecraft attitude cannot be asymptotically stabilized using continuous 
feedback, but a discontinuous stabilizing feedback control strategy is constructed. If 
the uncontrolled principal axis is an axis of symmetry, the complete spacecraft 
dynamics cannot be stabilized. However, the spacecraft dynamics are small time 
locally controllable in a reduced sense. The reduced spacecraft dynamics cannot be 
asymptotically stabilized using continuous feedback, but again a discontinuous feed- 
back control strategy is constructed. 
I 
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Control and Stabilization of Nonholonomic 
Dynamic Systems 
Anthony M. Bloch Member. IEEE, Mahmut Reyhanoglu, Member, IEEE, 
and N. Harris McClarnroch, Fellow, IEEE 
..ibstrocl-A theoretical framework is established for the con- 
trol of nonholonomic dynamic systems. i.e., dynamic systems 
with nonintegrable constraints. In particular, we emphasize 
control properties for nonholonomic systems that have no coun- 
terpart in holonomic systems. .A model for nonholonomic dy- 
namic systems is first presented in terms of differential-alge- 
braic equations defined on a phase space. A reduction procedure 
is carried out to obtain reduced-order state equations. Feedback 
is then used to obtain a nonlinear control system in a normal 
form. The assumptions guarantee that the resulting normal 
form equations necessarily contain a nontrival driR vector field. 
Conditions for smooth (C") asymptotic stabilization to an m- 
dimensional equilibrium manifold are presented; we also 
demonstrate that a single equilibrium solution cannot be asymp- 
totically stabilized using continuous state feedback. However, 
any equilibrium is shown to be strongly accessible and small 
time locally controllable. Finally, an approach using geometric 
phases is developed as a basis for the control of Caplygin 
dynamical systems, i.e., nonholonomic systems with certain sym- 
metry properties which can be expressed by the fact that the 
constraints are cyclic in certain variables. The theoretical devel- 
opment is applied to physical examples of systems that we have 
studied in detail elsewhere: the control of a knife edge moving 
on a plane surface and the control of a wheel rolling without 
slipping on a plane surface. The results of the paper are also 
applied to the control of a planar multibody system using 
angular momentum preserving control inputs since the angular 
momentum may be viewed as a nonholonomic constraint which 
is an invariant of the motion. 
UMEROUS papers have been published in recent 
years on the control of systems with holonomic con- N 
straints. The work of the authors includes McClamroch 
and Bloch in (171, McClamroch and Wang in [18]. The 
earliest work on control of nonholonomic systems (that 
we are aware of) is by Brockett in (61. Bloch in [2] has 
examined several control theoretic issues which pertain to 
both holonomic and nonholonomic systems in a very 
general form. Related work in robotics [14], [15], [20] and 
multibody systems [lo], [Ill, [12], [25], [29] has recently 
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Baillieul. This work was supported in part by the NSF under Grants 
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48109. 
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appeared. Our recent work in [31, [dl, [ZZI, [I31 has also 
emphasized several classes of physical problems. A1 of 
this work has demonstrated that there is a common theo- 
retical framework for a large class of control problems for 
mechanical systems with nonholonomic constraints. In 
this paper, we identify that common theoretical frame- 
work. Our development is based on the formulation of 
nonholonomic dynamics by Neimark and Fufaev [21] and 
the modem formulation of nonlinear geometric control. 
We consider the class of nonholonomic systems de- 
scribed by the equations 
Note that a "prime" denotes transpose. We refer to g as 
an n-vector of generalized configuration variables, q as an 
n-vector of generalized velocity variables, and q as an 
n-vector of generalized acceleration variables; in addition, 
A is an m-vector of constraint multipliers and u is an 
r-vector of control input variables, where r 1 n - m. The 
n x n matrix function M(q) is assumed to be. symmetric 
and positive definite, F(q, q )  is an n-vector function. J(q)  
denotes an m x n matrix function which is assumed to 
have full rank and B(q) is a full rank n x r matrix 
function. All of these functions are assumed to be smooth 
(C") and defined on an appropriate open subset of the 
(q, q )  phase space. The formulation could be given in 
terms of a system defined on the tangent bundle of a C' 
manifold; we have not made such a generalization since it 
is direct. Various assumptions about the control input 
variables are indicated subsequently. 
Differential-algebraic equations of the above form are 
known to arise for (uncontrolled) nonholonomic systems: 
see [I] and [21] for many examples. Here, we note that the 
classical approach for the formulation of constrained dy. 
namics as described in (211 is used. This is in contrast tc 
the variational approach, or "vakonomic" theory (see e.g. 
[I]). We also note that a -Hamiltonian formulation can bc 
developed. 
We have assumed that the m x n matrix /(q) has ful 
rank; hence, there is no loss of generality in assuming tha 
the configuration variables are ordered so that the last n 
columns of the matrix J(q) constitute an m x m locall, 
invertible matrix function, i.e., the matrix JSq) can ba 
*- - 
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expressed as [J,(q)J,(q)l, where J,( q )  is an rn x ( n  - m )  
matrix function and J,(q) is an m x m locally nonsingu- 
lar matrix function. The columns of the n x ( n  - m )  
matrix function 
where I is the ( n  - m )  x ( n  - r n )  identity matrix and 
j(q) = /;'(q)J,(q) is a locally smooth rn x ( n  - r n )  ma- 
trix function, span the null space of J(q ). Formally, the 
rows of J(q) constitute m linearly independent smooth 
covector fields defined on the configuration space; these 
covector fields span a codistribution fl and the annihila- 
tor of the codistribution Q. denoted R L  . is spanned by 
n - m linearly independent smooth vector fields 
We present the following definition. 
Definition 1 [JO]: Consider the following nondecreasing 
sequence of locally defined distributions 
There exists an integer k* such that 
for all k > k*. If dim N,. = n and k* > 1, then the 
constraints (2) are called completely nonholonomic and 
the smallest (finite) number k* is called the degree on 
nonholonomy. 
In this paper, it is assumed that constraint equations (2) 
are completely nonholonomic with nonholonomy degree 
k*. ~ o t e  that for this to hold n - m must be strictly 
greater than one. Note also that since the constraints are 
nonholonomic, there is in fact no explicit restriction on 
the values of the configuration variables. 
We also assume that the matrix product C1(q)B(q) is 
full rank. As will be seen in Section IV, this assumption 
guarantees that all n - m degrees of freedom can be 
(independently) actuated. 
The constraints (2) define a (2n - m)-dimensional 
smooth submanifold 
the vector functions (q(r), h(r)) satisfy the differential- - 
algebraic equations (1) and (2) almost everywhere on their 
domain of definition. and the initial conditions satisfy . 
(q(O), cj(O)) = (qn, qn). 
The following existence and uniqueness result has been 
obtained. 
Theorem f /3/: Assume that the conrrol input function 
rc :  [0, T )  -+ Rr is a given bounded and measurable func- 
tion for some T > 0. If the initial data satisfiv (q,, ,  ~ j , , )  E .\I. 
then there exists a unique solution (at least locally Je- 
fined) of the initial value problem corresponding to ( 1 )  
and (2) which satisfies (q(r ), q(t)) E 1M for each r for 
which the solution is defined. 
Since the differential-algebraic equations ( 1 )  and ( 2 )  
define a smooth vector field on M, a number of other 
results could be stated, including conditions for continu- 
ous dependence of the solution on initial conditions and 
parameters, conditions for nonexistence of finite escape 
times. etc. Such results are important, but they are not 
given here since they are easily obtained. We subse- 
quently use the notation (QO, qo, q,), A(t, q,, q,)) to de- 
note the solution of (1) and (2) at time t L 0 correspond- 
ing to the initial conditions (q,, q,). Thus, for each initial 
condition (qo,q,) E M and each bounded. measurable 
input function u: [0, T) + Rr, (Q(t, 90, qO), ~ ( t .  qO,qo)) E 
M holds for all t 2 0 where the solution is defined. 
A particularly important class of solutions are the equi- 
librium solutions of (1) and (2). A solution is an equilib- 
rium solution if it is a constant solution; note that if 
(q', A') is an equilibrium solution, we refer to q' as an 
equilibrium configuration. The following result should be 
clear. 
Theorem 2: Suppose that u(t) = 0, t 2 0. The set of 
equilibrium configurations of (1) and (2) is given by 
(qlF(q,O) - J1(q)A = 0 for some A E R m )  
An equivalent expression for the set of equilibrium con- 
figurations is 
111. CLOSED-LOOP MODELS OF NONHOLONOMIC SYSTEMS 
We are interested in feedback control of the form 
u = U(q, q) where U: M Rr; the corresponding closed 
loop is described by 
of the phase space. This manifold M plays a critical role 
in the concept of solutions and the formulation of control 
and stabilization problems associated with (1) and (2). 
We begin by making it clear that (1) and (2) do repre- 
sent well-posed models in the sense that the associated 
initial value problem has a unique solution, at least lo- 
cally. 
Definition 2: A pair of vector functions (q(t). ~ ( t ) )  de- 
fined on an interval [0, T) is a solution of the initial value 
problem defined by (1) and (2) and the initial data (q,, go) 
' if q(t) is at least twice differentiable, A([) is integrable, 
We point out the obvious fact that the closed loop is still 
defined in terms of the nonholonomic constraint equa- 
tions. 
Suppose U(q, q )  is a smooth function; if the initial 
conditions satisfy (q,, q,) E M, then there exists a unique 
solution (q(t), A(t)) (at least locally defined) of the initial 
value problem corresponding to (6)  and (7) which satisfi-es 
(q(t), q(t)) E M for each t for which the solution is 
defined. 
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The set of equilibrium configurations of (6)  and (7) is 
given by 
which is a smooth submanifold of the configuration space. 
An equivalent expression for the equilibrium submanifold 
of the configuration space is 
We remark that generically the equilibrium manifold 
has dimension at least m. On the other hand. for certain 
cases, there may not be even a single equilibrium config- 
uration (e.g., the uncontrolled dynamics of a ball on an 
inclined plane). However, since we have assumed that 
C1(q)B(q) is full rank, we can always introduce an equi- 
librium manifold of dimension at least m by appropriate 
choice of input. 
We now formulate a stabilization problem for nonholo- 
nomic systems described by (1) and (2). A suitable stability 
definition for the closed-loop system described by ( 6 )  and 
(7) is first introduced. 
Definition 3: Assume that u = U(q, 4). Let M, = 
{(q, q)14 = 0) be an embedded submanifold of M. Then 
M, is locally stable if for any neighborhood U 3 M, there 
is a neighborhood V of M, with U 3 V 3 M, such that if 
q (q,, 9,) E V n M then the solution of (6)  and (7) satisfies 
(Q(r,qo,Q0),Q(t,qo,~,~) E U n M for all r r 0. If, in 
addition, (Mr. q,, q,), Q(t, q,, q,)) -. (q,, 0) as r -, co for 
some (q,, 0) E M, then we say that M, is a locally asyrnp 
totically stable equilibrium manifold of (6)  and (7). 
Note that if (Q(r, q,,q,), a t ,  q,, go)) + (q,, 0) as t -, CQ 
for some (q,, 0) E M,, it follows that there is A, E Rm 
such that A(t, q,, q,) -, A, as r -, m. 
The usual definition of local stability corresponds to the 
case that M, is a single equilibrium solution; the more 
general case is required in the present paper. 
The existence of a feedback function so that a certain 
equilibrium manifold is asymptotically stable is of particu- 
lar interest; hence, we introduce the following. 
Definition 4: The system defined by (1) and (2) is said to 
be locally asymptotically stabilizable to a smooth equilib- 
rium manifold MI in M if there exists a feedback func- 
tion U: M -, Rr such that, for the associated closed-loop 
equations (6) and (7). MI is locally asymptotically stable. 
If there exists such a feedback function which is smooth 
on M then we say that (1) and (2) are smoothly asymptoti- 
cally stabilizable to M,; of course it is possible (and we 
subsequently show that it is generic in certain cases) that 
(1) and (2) might be asymptotically stabilizable to M, but 
not smooth& (even not continuously) asymptotically stabi- 
lizable to M,. 
IV. NORMAL FORM EQUATIONS FOR NONHOLONOMIC 
CONTROL SYSTEMS 
A number of approaches have been suggested for elimi- 
nating the constraint multipliers so that a minimum set of 
differential equations is obtained: the reduced differential 
equations characterize the control dependent motion on 
the constiaint manifold. 
We first emphasize that the reduced state space i s  . 
2n - m dimensional. The state of the system can be 
specified by the n-vector of configuration variables and an 
, (n - m)-vector of kinematic variables. Let q = (q , ,  q2)  be 
a partition of the configuration variables corresponding to 
the partitioning of the matrix function J(q) introduced 
previously. Then consider the following relation 
where C(q) is defined by (3). Taking time derivatives 
yields 
where c ( ~ )  denotes the time derivative of C(q). Substi- 
tuting this into (1) and multiplying both sides of the 
resulting equation by C'(q) gives 
Note that C1(q)M(q)C(q) is an (n - m) X ( n  - m )  sym- 
metric positive definite matrix function. 
We also assume that r = n - m (for simplicity). Then 
the matrix product C'(q)B(q) is locally invertible. Conse- 
quently for any u E Rr there is unique v E R"-" which 
satisfies 
(Note that if r > n - m then u can be chosen to depend 
smoothly on the variables (q,q,,u)). This assumption 
guarantees that the reduced configuration variables satisfy 
the linear equations 
Define the following state variables 
Then the normal form equations are given by 
Equations (10)-(12) define a drift vector field f(x) = 
(x,, -j(x1, x2)x3, 0) and control vector fields g,(x) = 
(O,O, e,), where ei is the ith standard basis vector in 
Rn-", i = l;.., n - m, according to the standard control 
system form 
n - m  
i = f ( x )  + C g,(x)u,. ( 13) 
i =  1 
We consider local properties of (10)-(12). near an equilib- 
rium solution (xf, x : ,  0). 
Note that the normal form equations (10)-(12) are a 
special case of the normal form equations in (81. In 
particular, the zero dynamics equation of (10) and (12), 
corresponding to the output x,, is given by 
and it is not locally asymptotically stable. The fact that the 
zero dynamics is a linear system with all zero eigenvalues, 
means that (10)-(12) are critically minimum phase at the 
equilibrium; this has important implications in terms of 
local asymptotic stabilizability of the original equations (1). 
and (2). 
V. STABILIZATION TO AN EQUILIBRIUM MANIFOLD . 
USING SMOOTH FEEDBACK 
In this section, we study the problem of stabilization of 
(1) and (2) to a smooth equilibrium submanifold of IM 
defined by 
using smooth feedback, if the transversality condition 
is satisfied. 
Proofi It is sufficient to analyze the system in the 
normal form (10)-(12). By the transversality condition, 
the change of variables from (ql, +, q1 to (s. 4:. S)  is a 
diffeomorphism. 
Let 
where K, and K2 are symmetric positive definite ( n  - m) 
x ( n  - m) constant matrices. Then, obviously 
I is asymptotically stable so that (s, S )  + 0 as t + =. The I N, = I(q,q)Iq = 0, s (q)  = 01 
I remaining system variables satisfy (11) of the normal form 
i equations (with x2 = q,), and, by our assumption on the where s(q) is a smooth n - m vector function. We show constraint matrix J,  these variables remain bounded for that with appropriate assumptions, there exists a smooth all time. Thus (q(t), q(r)) + N, as r -, 30. feedback such that the closed loop is locally asymptoti- and (2) can be arymptotically 
cally stable to N,. stabilized to the m dimensional equilibrium manifold a 
The smooth stabilization problem is the problem of specified by (14). Condition (15) depends on the specific giving conditions so that there exists a smooth feedback of the configuration variables comsponding 
- function U: M + Rr such that Ne is locally asymptotically to the constraint equations (2). 
stable. Of course, we are interested not only in demon- 
strating that such a smooth feedback exists but also in VI. STAB~LIZATION TO AN EQUILIBRIUM SOLUTION 
indicating how such an asymptotically stabilizing smooth USING PIECEWISE ANALYTIC FEEDBACK 
feedback can be constructed. The results in the previous section demonstrate that Note that in this section, we consider nonholonomic smooth feedback can be used to asymptotically stabilize 
control systems whose normal form equations satisfy the certain smooth manifolds N, in M, where the dimension property that if q,( t ) and q,(t) are exponentially decaying of N, is equal to the number m of independent con- 
functions, then the solution to straints. Consequently, those results do not guarantee 
smooth asymptotic stabilization to a single equilibrium 
q2 = - j ( q 1 ( 0 ,  q2)q'(r) solution if m 2 1. 
In fact, there is no C' feedback which can asymptoti- is bounded (all the physical examples of nonholonomic 
cally stabilize the closed-loop system to a single equilib- 
systems, of which we are aware, satisfy this assumption). 
rium solution. Suppose that there is a C' feedback which Note also that the first and second time derivatives of 
asymptotically stabilizes, for example, the origin. Then it 
s(q) are given by follows that there is an equilibrium manifold of dimension 
ds(q) m containing the origin; that is, the origin is not isolated, 
c(q)919 which contradicts the assumption that it is asymptotically dq stable. We state this formally. 
Theorem 4: Let m 2 1 and let (qe ,  0) denote an equilib- 
C(q)u. rium solution in M. The nonholonomic control system, 
defined by (1) and (21, is not asymptotically stabilizable 
using C1 state feedback to (qe, 0). 
Theorem 3: Assume that the above solution property Proofi A necessary condition for the existence of a I holds. Then the nonholonomic control system, defined by 
~1 asymptotically stabilizing state feedback law for system - I (1) and (2) is locally asymptotically stabilizable to (10)-(12) is that the image of the mapping 
I 
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contains some neighborhood of zero (see Brockett [71). No space. It can be verified that 
points of the form [g; , , f I= ' i , ,  i , € I ;  I I 
\a l 
are in'its image: it follows that Brockett's necessary condi- 
[ g ; , . .  [I:... [g,:. [ f . [g ; l . f  I ] ]  . . . ] I  
- 
tion is not satisfied. Hence, system (10)-(12) cannot be - [T,,. ;.., [r i2,  r,,] . . . I .  i k  E 1 .  1 2 k s k* 
asymptotically stabilized to (q;, qi,O) by a C '  state feed- 
back law. Consequently, the nonholonomic control sys- 
tem, defined by (1) and (2). is not asvmptotically stabiliz- 
able to (q', 0) using a C '  state feedback. 
We remark that even C0 (continuous) state feedback 
(which results in existence of unique trajectories) is ruled 
out since Brockett's necessary condition is not satisfied 
[3 1 I. 
A corollary of Theorem 4 is that a single equilibrium 
solution of (1) and (2) cannot by asymptotically stabilized 
using linear feedback nor can it be asymptotically stabi- 
lized using feedback linearization or any other control 
design approach that uses smooth feedback. Of course, it 
may be that a single equilibrium solution simply cannot be 
asymptotically stabilized or it may be that any asymptoti- 
cally stabilizing state feedback is necessarily not CO. How- 
ever, in the subsequent sections, we show that a single 
equilibrium can be asymptotically stabilized by use of 
piecewise analytic state feedback. 
We first demonstrate that the system of normal form 
equations (10)-(12). and hence the nonholonomic control 
system defined by (1) and (2), does indeed satisfy certain 
strong local controllability properties. In particular, we 
show that the system is strongly accessible and that the 
system is small time locally controllable at any equilib- 
rium. These results not only provide a theoretical basis for 
the use of inherently nonlinear control strategies but they 
also suggest constructive procedures for the desired con- 
trol strategies. 
Theorem 5: Let m 2 1 and let (qe, 0) denote an equilib- 
rium solution in ,M. The nonholonomic control system 
defined by (1) and (2) is strongly accessible at (qe ,  0). 
Proob It suffices to prove that system (10)-(12) is 
strongly accessible at the origin. Let I denote the set 
(l;.., n - m). The drift and control vector fields can be 
expressed as 
where 
d n - m  d 
? I = - -  C J ~ , ( X ~ , X ~ ) - - ,  j E I 
d x ~ , j  i =  I dx?. i 
are considered as vector fields on the (x,, xz.,x,) state 
hold, where k *  denotes the nonholonomy degree. Let 
5' = span{gi,i E I ) ,  
x= span ([gil.f I..... [gik.* [f..... [ g i : *  [ f , [ g l l , f  I ] ]  ...]I; 
i k  E I ,  1 5 k B k * )  . 
Note that dim F(0) = n - m and dimH0) = n since the 
distribution defined by the constraints is completely non- 
holonomic; moreover dim (g(0) n HO)} = 0. It follows 
that the strong accessibility distribution 
9 0 = ~ p a n { X : X ~ F ~ & 3  
has dimension 2n - m at the origin. Hence, the strong 
accessibility rank condition [28] is satisfied at the origin. 
Thus system (10)-(12) is strongly accessible at the origin. 
Consequently, the nonholonomic control system, defined 
by (1) and (21, is strongly accessible at (qe,O). 
Theorem 6: Let m r 1 and let (qe,  0) denote an equilib- 
rium solution in M. The nonholonomic control system, 
defined by (1) and (2). is small time locally controllable at 
(qC. 0). 
Proofi It suffices to prove that system (10)-(12) is 
small time locally controllable at the origin. 
The proof involves the notion of the degree of a bracket. 
To make this notion well defined we consider, as in (271, a 
Lie algebra of indeterminates and an associated evalua- 
tion map (on vector fields) as follows. 
Let X = (X,;.., X,, -,) be a finite sequence of indeter- 
minate~. Let A(X) denote the free associative algebra 
over R generated by the X,, let L(X) denote the Lie 
subalgebra of A(X) generated by X,;.., X,, -, and let 
Br(X) be the smallest subset of L(X) that contains 
X,;.., X, -, and is closed under bracketing. 
Now consider the vector fields f ,  g,;.., gn -, on the 
manifold M. Each f, g,;.., g,-, is a member of D( M), 
the algebra of all partial differential operators on C'( iU), 
the space of C real-valued functions on M. Now let 
go = f, and let g = (go,..-,g,-,) and define the evalua- 
tion map 
Eu(g): A(X) -, D(M) 
obtained by substituting the gi for the Xi, i.e., 
where g, = gi,giz ... gi , I = ( i , , . . . , i , )  . Note that the ker- 
nel of Eu(g): A ( X )  d A ( g )  is the set of all algebraic 
identities satisfied by the gi while the kernel of 
Eu(g): L(X)  -, L(g) is the set of Lie algebraic identities 
satisfied by gi. 
Now, let ' B  be a bracket in B/( x ) .  We define the 
degree of a bracket to be S(  B )  = E:,?'( B) ,  where 
6"( B).  S 1 (  B ) ; . . ,  6"-"( B )  denote the number of times 
,Yo;.., ?(n -,,,, respectively, occur in B. The bracket B is 
called "bad" if S o (  B )  is odd and d i ( B )  is even for each i, 
i = l:.. . n - m. The theorem of Sussmann tells us the 
system is STLC at the origin if it satisfies the accessibility 
rank condition: and if B is "bad" there exist brackets 
C , : . . ,  C ,  of lower degree in Br( X )  such that 
k 
Ec,,(g)( P ( B ) )  = C S i E c " ( g ) ( C , )  
i- l 
where EL', denotes the evaluation map at the ongin and 
5 , )  E R&. Here, p( B )  is the symmetrization opera- 
tor, @( B )  = C r  s,-,?( B) ,  where T E S ,  - , the group 
- 
of permutations of 11 ;.-. n - m }  and for n E S,, - ,, ir IS 
the automorphism of L ( X )  which fixes ,Yo and sends XI 
to X,(t,. 
By Theorem 5, the system is accessible at the origin. 
The brackets in .Y are obviously "good" (not of the type 
defined as "bad") and 6 " ( h )  = Ey;;"SJ(h) V h  E 2, thus 
6 ( h )  is even for all h in 2, i.e., 2' contains "good" 
brackets only. It follows that the tangent space TOM to M 
at the origin is spanned by the brackets that are all 
"good." Next we show that the brackets that might be 
"bad" vanish at the origin. First note that f vanishes at 
the origin. Let B denote a bracket satisfying S(  B )  > 1 .  If 
B is a "bad" bracket then, necessarily, 6'( B )  + 
E,":;"6'( B) ,  i.e., 6 ( B )  must be odd. It can be verified that 
if S o (  B) < I3,":;"61( B )  then B is identically zero and if 
S U ( B ) >  Z n ; ; " 6 ' ( B )  the B is of the form 
~ : ; , ' " r , ( x , ) ~ , ~ , r , .  r  ), for some vector fields Y ( x , ,  r , ) .  i E 
1, where r l ( x , ) ,  i E I ,  are homogeneous functions of de- 
gree ( an( B )  - E,",;"S'( B ) )  in x,; thus B vanishes at the 
origin. Consequently, the Sussmann condition is satisfied. 
Hence. system ( l o ) - (  12) is small time locally controllable 
at the origin. It follows that, the nonholonomic control 
system, defined by ( 1 )  and (21, is small time locally control- 
lable at (9'. 0). 
VII. CONSTRUC~~ON OF PIECEWISE ~ J A L Y T I C  STABILIZING 
CONTROLLERS FOR CAPLYGIN SYSTEMS 
Our recent work on control of nonholonomic systems in 
[4],  [22], [23] has identified a large class of physical sys- 
tems, which are referred to as "controlled Caplygin sys- 
tems." Our subsequent results are developed for this class 
of systems. 
We first describe the class of controlled Caplygin sys- 
tems. 'We use the notation introduced previously. If the 
functions used in defining ( I )  and ( 2 )  do not depend 
explicitly on the configuration variables q z ,  so that the 
system is locally described by 
where j ( q , )  is an m ( n  - m) matrix function, then the 
uncontrolled system is called a "Caplygin system" (211. In 
- - 
terms of the Lagrangian formalism for the problem this 
corresponds to the Lagrangian of the free problem being 
cyclic in (i.e., independent of) the variables q ,  while the - 
constraints are also independent of q? The cyclic prop- 
erty is an expression of symmetries in the problem. such 
symmetries occurring naturally in many physical exam- 
ples. More generally, if a system can be expressed in the 
form (16 )  and ( 1 7 )  using feedback. then we refer to i t  us a 
"controlled Caplygin system." 
For the Caplygin system described by (16 )  and ( 17). (8) 
becomes 
which is an equation in the phase variables (q , ,  q , )  only. 
As a consequence. q ,  constitutes a reduced configuration 
space for the system (16) and (17). This reduced configu- 
ration space is also referred to as the "base space" (or 
"shape space") of the system. The term shape space (see 
[ l o ] ,  [ l l ] ,  [12], [14], [15])  arises from the theory of coupled 
mechanical systems, where it refers to the internal de- 
grees of freedom of the system. It is possible to consider 
control theoretic problems which can be expressed solely 
in the base space, which can be solved using classical 
methods. However, in our work, we are interested in the 
more general control problems associated with the com- 
plete dynamics defined by (16) and (171, which are re- 
flected in (17)  and (18). We remark that the dimension of 
the base space is unique, equal to the number of degrees 
of freedom; however the identity of the base space vari- 
ables is not unique. 
As in Section IV, we assume that r  = n - m and that 
the matrix product C ' ( q , ) B ( q l )  is locally invertible; this 
assumption is not restrictive. Consequently, it can be 
shown that the normal form equations for the system (16 )  
and (17).  following the development in Section IV, are 
given by 
XI  = .r, (19) 
where X ,  = q , ,  x ,  = q , ,  x ,  = qz and u Satisfies 
Our basic approach is to make use of the normal form 
equations (19)-(21) to control the Caplygin system ( 16) 
and (17).  Note that the theoretical results obtained in 
previous sections certainly apply to the system (16) and 
(17).  
Clearly, there is no continuous state feedback which 
asymptotically stabilizes a single equilibrium. However: 
the controllability properties possessed by the system 
guarantee the existence of a piecewise analytic state feed- 
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back in the analytic case [76). We now describe the ideas 
that are employed to construct such a feedback which 
does achieve the desired 1&c'a1 'asymptotic stabilization of a 
single equilibrium solution. These ideas are based on the 
use of geometric phase (holonomy) which has proved 
useful in a variety of kinematics and dynamics problems 
(see e.g., [lo], [ll], and [19]). More information concerning 
geometric phases can be found in the recent book [241 of 
Shapere and Wilczek, and a review article [16] of Mars- 
den, Montgomery and Ratiu. Our use of geometric phase 
is, to the best of our knowledge, its first application to 
nonlinear control systems of the form ( 1914 2 1) which 
contain nontrivial drift vector tields [ 5 ] ,  [ 2 2 ] ,  [23]. The key 
observation is that the geometric phase. the extent to 
which a closed path in the base space fails to be closed in 
the configuration space, depends only on the path tra- 
versed in the base space and not on the time history of 
traversal of the path. Related ideas have been used for a 
class of path planning problems. based on kinematic rela- 
tions, in [14], [151, and [121. 
For simplicity, we consider control strategies which 
transfer any initial configuration and velocity (sufficiently 
close to the origin) to the zero configuration with zero 
velocity. The proposed control strategy initially transfers 
the given initial configuration and velocity to the origin of 
the (q , ,  4 , )  base phase space. The main point then is to 
determine a closed path in the q, base space that achieves 
the desired geometric phase. We show that, in the analytic 
case, the indicated assumptions guarantee that this geo- 
metric phase construction can be made and that (neces- 
sarily piecewise analytic) feedback can be determined 
which accomplishes the desired control objective. 
Let x0 = (xy. x!, x!) denote an initial state. We now 
describe two steps involved in construction of a control 
strategy which transfers the initial state to the origin. 
Step I: Bring the system to the origin of the (x,, x,) 
base phase space, i.e., find a control which transfers the 
initial state (xp, x!, x,O) to (0, x{,O> in a finite time, form 
some x:. 
Step 2: Traverse a closed path (or a series of closed 
paths) in the x, base space to produce a desired geomet- 
ric phase in the (x,, x,) configuration space, i.e., find a 
control which transfers (O,xi, 0) to (O,O, 0). 
The desired geometric phase condition is given by 
where y  denotes a closed path traversed in the base 
space. The geometric phase is reflected in the fact that 
traversing a closed path in the base space yields a non- 
closed path in the full configuration space. Note that here, 
for notational simplicity in presenting the main idea, we 
assume that the desired geometric phase can be obtained 
by a single closed path. In general, more than one loop 
may be required to produce the desired geometric phase; 
for such cases y  can be viewed as concatenation of a 
series of closed paths. 
Under the assumptions mentioned previously, explicil 
procedures can be given for each of the above w o  steps 
Step 1 'is classical; it is Step 2, involving the geometric 
phase. that requires special consideration. Explicit charac 
terization of a closed path y which satisfies the desirec 
geometric phase condition (23) can be given for severa 
specific examples. In the next section, we present thret 
such examples. However, some problems may require ; 
general computational approach. An algorithm based or 
Lie algebraic methods as in [131 can be employed tc 
approximately characterize the required closed path. Sup 
pose the closed path y which satisfies the desired geomet 
ric phase condition is chosen. Then a feedback algorithn 
which realizes the closed path in the base space can bl 
constructed since the base space equations (19). (71) con 
stitute decoupled n - rn double integrators on the bas, 
space. 
This general construction procedure provides a strateg 
for transferring an arbitrary initial state of (19)-(21) t 
the origin. Implementation of this control strategy in 
(necessarily piecewise analytic) feedback form can be ac 
complished as follows. 
Let a = (a,;-.,a,-,) and b = (b,;..,b,-,) den01 
displacement vectors in the x, base space and let ?(a. I 
denote the closed path (in the base space) formed by tt 
line segments from x, = 0 to x, = a, from x, = a 
x, = a  + b.from x, = a  + b to x, = b, and from x ,  = 
to x, = 0. Then the geometric phase of the parameterin 
family 
( , ( a ,  h)la,  b E Rn-") 
is determined by the geometric phase function y ( a ,  b) . 
a(a,  b) given as 
Now let r, denote the projection map q: (x,.  x ? , .  
-. ( x , ,  x,). In order to construct a feedback control a15 
rithm to accomplish the above two steps, we first drfint 
feedback function vX;(?x) which satisfies: for any 5.d 
there is t ,  r to such that the unique solution of 
satisfies .rr,x(tl) = (x:,O). Note that the feedback fu 
tion is parameterized by the vector x:. Moreover. 
each x:, there exists such a feedback function. One SI 
feedback function V"?(T,X) = (V;:(T,X),..., ~,!,(sr,x: 
given as 
where k,, i = l;..,n - m, are arbitrary positive L 
stants. 
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We specify the control algorithm. with values denoted 
by LI*, according to the following construction. where x 
denotes the "current state": 
Control Algorithm for LI*: 
Step 0: Choose (a* ,  b* )  to achieve the desired geomet- 
ric phase. 
Srep 1: Set c* = ~ " ' ( ~ ~ . r ) ,  until ~ , . r  = (a*. 0): then go 
to Step 2; 
Step 2: Set u* = V"'*~ ' (T~+) ,  until n,x = (a* + b*. 0); 
then go to Step 3; 
Step 3: Set ti* = vb*(n,x), until x,x = i b*. 0); then go 
to Step 4; 
Step 4: Set c* = VO(x,x), until n,x = (0.0): then go to 
Step 0. 
We assumed ,here that the desired geometric phase can 
be obtained by a single closed path. Clearly. the above 
algorithm can be modified to account for more complex 
cases. 
Note that the control algorithm is constructed by ap- 
propriate switchings between members of the parameter- 
ized family of feedback functions. On each cycle of the 
algorithm the particular functions selected depend on the 
closed path parameters a*, b* ,  computed in Step 0, to 
correct for errors in x, .  
The control algorithm can be initialized in different 
ways. The most natural is to begin with Step 4 since u* in 
that step does not depend on the closed path parameters; 
however, many other initializations of the control algo- 
rithm are possible. The original control u* is computed 
using (22). 
Justification that the constructed control algorithm 
asymptotically stabilizes the origin follows as a conse- 
quence of the construction procedure: switching between 
feedback functions guarantees that the proper closed path 
(or a sequence of closed paths) is traversed in the base 
space so that the origin (O,O,O)  is necessarily reached in a 
finite time. This construction of a stabilizing feedback 
algorithm represents an alternative to the approach by 
Hermes [9], which is based on Lie algebraic properties. 
I t  is important to emphasize that the above construe- 
tion is based on the a priori selection of simply paramet- . 
rized closed paths in the base space. The above selection 
simplifies the tracking problem in the base space, but 
other path selections could be made and they would,.of 
course, lead to a different feedback strategy from that 
proposed above. 
We remark that the techn'ique presented in this section 
can be generalized to some systems which are not Caply- 
gin. For instance, this generalization is tractible to systems 
for which (20) takes the form 
where p ( x l )  denotes a certain Lie group representation 
(see e.g., [161). The geometric phase of a closed path for 
such systems is given as a path ordered exponential rather 
than a path integral. 
VIII. EXAMPLES 
Control of Knife Edge Using Steering and Pushing Inputs: 
We first consider the control of a knife edge moving in 
point contact on a plane surface (31-[j]. Let r and y 
denote the coordinates of the point of contact of the knife 
edge on the plane and let d denote the heading angle of . 
the knife edge. measured from the x-axis. Then the equa- 
tions of motion, with all numerical constants set to unity, 
are given by 
4 = u ,  ( 2 6 )  
where u ,  denotes the control force in the direction de- 
fined by the heading angle, u ,  denotes the control torque 
about the vertical axis through the point of contact; the 
components of the force of constraint arise from the 
scalar nonholonomic constraint , 
x sin C#I - y cos 4 = 0 (27) 
which has nonholonomy degree two at any configuration. 
It is clear that the constraint manifold is a five-dimen- 
sional manifold and is defined by 
M =  ( ( 4 , x , y . $ , i ,  j ) l i s i n d - j c o s c $ = 0 )  
and any configuration is an equilibrium if the controls are 
zero. 
Define the variables 
x, =xcos  4 +ysin 4, 
X ?  = 4, 
x, = -x sin 4 + y cos 4 ,  
x, = , 3 c o s 4 + j s i n 4 -  & ( ~ s i n 4 - ~ c o s 4 ) ,  
so that the reduced differential equations are given by 
Consequently, (241427) represent a controlled Caplygin 
system with base space equations which are feedback 
linearizable. The following conclusions are based on the 
analysis of the above reduced equations. 
Proposition I :  Let x' = (x;, x ; ,  xf,  0,O) denote an equi- 
librium solution of the reduced differential equations 
corresponding to u = 0. The knife edge dynamics de- - 
scribed by (241427) have the following properties: 
1) There is a smooth feedback which asymptotically 
stabilizes the closed loop to any smooth one dimensional - 
- .  
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equilibrium manifold in M which satisfies the transversal- 
ity condition. 
2) There is no continuous state feedback which asymp- 
totically stabilizes x'. ! 3) The system is strongly accessible at x' since the i space spanned by the vectors 
g l t g ~ ~ ~ g l ~ f l ~ [ g l ~ f l ~ [ ~ l ~ ~ f ~ [ ~ l ~ f l l l  
has dimension 5 at x ' .  
4) The system is small time locally controllable at x e  
since the brackets satisfy sufficient conditions for small 
time local controllability. 
Note that the base variables are ( x,, x2 1: Consider a 
parameterized rectangular closed path y in the base 
space with four comer points 
which have nonholonomy degree three at any configura- 
tion. h e  constraint manifold is a six-dimensional mani- 
fold and is given by 
and any configuration is an equilibrium if the controls are 
zero. 
Define the variables 
x ,  = 0,  x: = 4, x ,  = x ,  x ,  =y, x s = 8 .  . r , = 4  
so that the reduced differential equations are given by 
x, = X s ,  
x, =x,,  
i.e., a = (x,, 0) and b = (0, x2) following the notation 
introduced in the general development. By evaluating the 
integral in (23) in closed form for this case, the desired 
geometric phase condition is 
This equation can be explicitly solved to determine a 
closed path y* = y(a*, b*) which achieves the desired 
geometric phase. One solution can be given as follows: 
Note that the previously described feedback algorithm can 
be used to asymptotically stabilize the knife edge to the 
origin. A different feedback algorithm for this example is 
given in [4]. 
Control of Rolling Wheel Using Steering and Driuing In- 
puts: As a second example, we consider the control of a 
vertical wheel rolling without slipping on a plane surface 
[3], [5]. Let x  and y denote the coordinates of the point of 
contact of the wheel on the plane. let 4 denote the 
heading angle of the wheel. measured from the x-axis and 
let 8  denote the rotation angle of the wheel due to 
rolling, measured from a fixed reference. Then the equa- 
tions of motion, with all numerical constants set to unity, 
are given by 
x = A, (28) 
8  = - A l  cos 4 - A, sin 4 + u, (30) 
where u, denotes the control torque about the rolling axis 
of the wheel and u,  denotes the control torque about the 
vertical axis through the point of contact; the components 
i of the force of constraint arise from the two nonholo- 
1 nomic constraints I x = 0 cos 4 (32) 
j = 0 sin 4 (33) 
xJ = x5 sin x,, 
1 
i ,  = j u , ,  
x6  = u 2 .  
Consequently, (28)-(33) represent a controlled Caplygin 
system with base space equations which are feedback 
linearizabl'b. The following conclusions are based on anal- 
ysis of the above reduced equations. 
Proposition 2: Let xe = (xf, xi,  x;, xi, 0.0) denote an 
equilibrium solution of the reduced differential equations 
corresponding to u = 0. The rolling wheel dynamics de- 
scribed by (28)-(33) have the following properties: 
1) There is a smooth* feedback which asymptotically 
stabilizes the closed loop to any smooth two-dimensional 
equilibrium manifold in M which satisfies the transvenal- 
ity condition. 
2) There is no continuous state feedback which asymp- 
totically stabilizes xe. 
3) The system is strongly accessible at x e  since the 
space spanned by the vectors 
has dimension 6 at xe. 
4) The system is small time locally controllable at x e  
since the brackets satisfy sufficient conditions for small 
time local controllability. 
Note that the base variables are ( x , ,  x,). Consider a 
parameterized rectangular closed path y in the base 
space with four corner points 
By evaluating the integral in (23) in closed form for this 
case, the desired geometric phase conditions are 
x: = x, sin x,. 
These equations can be explicitly solved to determine a 
closed path (or a concatenation of closed paths) y * which 
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achieves the desired geometric phase. One solution can 
be given as follows: if x: + 0 then y*  is the closed path 
specified by 
and if xi = 0 then y*  is a concatenation of two closed 
paths specified by 
a * = ( 0 . 5 ~ : , 0 ) ,  b*=(O.O.jsr),  
a** = ( -0.5x:,0), b** = (0. - 0 . 5 ~ ) .  
Note that the previously described feedback algorithm can 
be used (with the modification indicated in the 
development) to asymptotically stabilize. the rolling wheel 
to the origin. 
Control of Planar Multibody Systems Using Angular Mu- 
menrum Preserving Inputs: Another interesting class of 
physical examples is given by the control of a planar 
multibody system with angular momentum preserving 
control torques. For more details on the origin of this 
problem, and references to previous work. see [lo] and 
1251. Related papers are in [22], [23]. It is assumed that a 
system of N planar rigid bodies are interconnected by 
frictionless one degree of freedom joints in the form of an 
open kinematic chain. The configuration space of the 
N-body system is T ~ ,  the N-dimensional torus. Define the 
vector of absolute angles of the N bodies 
O = '(O,,..., 8,) 
and the vector of relative angles (or joint angles) corre- 
sponding to the ( N  - 1) joints 
$ = ( $ I . . . . ,  $N- 1 ) .  
The relationship between the vectors 0 and $ is given by 
dl = PO 
where P is a constant (.\. - 1) x N matrix. In the ab- 
sence of potential energy, the equations of motion are 
given by 
~ ( e ) e  + ~ ( e ,  e )  = P U  (34) 
where the N x N matrix function J (8 )  is invertible, and 
so that the reduced differential equations are given by 
X I  = .r,, 
The indicated assumptions guarantee that (34) and (35) 
take the form of a controlled Caplygin system with shape 
space equations that are feedback linearizable. 
The following conclusions are based on analysis of the 
above reduced equations. 
Proposition 3: Let xe = (xf ,  x r ,  0) denote a regular 
equilibrium of the reduced differential equations corre- 
sponding to u = 0, i.e., (d&,,(x;)/dx;. ,") - ( d < , { x ; ) /  
dx ; , , , , )  z 0 for some (i,, j,). The dynamics of the planar 
multibody system described by (34) and (35) have the 
following properties if N 1 3: 
1) There is a smooth feedback which asymptotically 
stabilizes the closed loop to any smooth one dimensional 
equilibrium manifold in M which satisfies the transversal- 
ity condition. 
2) There is no continuous state feedback which asymp- 
totically stabilizes x'. 
3) The system is strongly accessible at xC since the 
space spanned by the vectors 
has dimension 7,N - 1 at xe. 
4) The system is small time locally controllable at x' 
since the brackets satisfy sufficient conditions for small ' 
in an N-vector function, and the control input u is the 
N - 1 vector of joint torques. Assuming that the angular 
momentum is zero, it follows that 
r ~ ( e ) e  = o 
holds, where 1 = (l;.., 1)'. It can be shown that (35) is 
nonholonomic for N 2 3. Define the variables 
time local controllability. 
If N = 1 or 2. then the system (34) and (35) is neither 
strongly accessible nor small time locally controllable. If 
the equilibrium solution xe is not regular, higher order 
brackets are required to obtain the same conclusions. 
Note that the shape variables are the N - 1 joint 
angles x,. Following the development in [22], the N 
bodies can be treated as three interconnected bodies by 
loclung all the joints except the ones labelled (i,, j,,). 
Consider a parameterized rectangular closed path y in 
the x,, iO - x , . ,~  plane with four comer points 
In this case, the desired geometric phase condition can be 
written as 
where f i , ( ~ ~ . i o r  ~ 1 . j ~ )  and_ S;,$X~.~,,. xl.jo ) are obtained by 
evaluating & , ( x l )  and J,$X,) at xIsi  = 0, for i = I,... . 
N - 1, i # i,, i # j,. In this case, the path integral can be 
computed numerically as a function of the loop parame- 
ters x , , , ~ ,  x,.jo as in [23]. Further, loop parameters 
x t  io, x:. jo can be computed numerically, thereby deter; 
mining a closed path y* which achieves the desired 
geometric phase. Note that the previously described feed- 
back algorithm can be used (with the modification indi- 
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cated in the general development) to asymptotically stabi- 
lize the planar multibody to the origin. 
A class of inherently nonlinear control problems has 
been identified, the nonlinear features arising directly 
from physical assumptions about constraints on the mo- 
tion of a mechanical system. In this paper, we have 
presented models for mechanical systems with nonhoio- 
nomic constraints represented both by differential-alge- 
braic equations and by reduced state equations. We have 
studied control issues for this class of systems and we have 
derived a number of fundamental results. Although a 
single equilibrium solution cannot be asymptotically stabi- 
lized using continuous state feedback, a general proce- 
dure for constructing a piecewise analytic state feedback 
which achieves the desired result has been suggested. The 
theoretical issues addressed in the paper have been illus- 
trated through several classes of example problems. 
The general approach described in this paper makes 
substantial use of the geometric approach to nonlinear 
control. However, the specific nonlinear control strategy 
suggested is substantially different, both conceptually and 
in detail, from the smooth nonlinear control strategies 
most commonly studied in the literature. It is hoped that 
this paper provides a foundation for future research on 
this important and challenging class of nonlinear control 
problems. 
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// In  this paper a reorientation maneuvering strategy for an interconnection of planar rigid bodies in space is 
developed. I t  is wumed that there are no exogeneous torques, and torques generated by joint motors are used \ as means of c011tr0110 that the Iota1 angular momentum of the multibody system is a consUnt. assumed to be 
1' zero in tbia paper. The maneuver stralegy usps the nonintegrability of the expression for the angular momentum. 
\\ We demonstrate that large-angle maneuvers can be designed to achieve an arbitrary reorienUtion of the multi- 
\i body system with mpect to an inerrid frame. The tbeorrtical background for carrying out the required 
1: maneuven is briefly summarized. Specifications and computer simulations of a specific reorientation maneuver, 
- and the comsponding control strategies. arr described. 
----. 
I. Introduction 
I N this paper we develop a reorientation strategy for a sys- tem of N planar rigid bodies in space that are intercon- 
nected by ideal frictionless pin joints in the form of an open 
kinematic chain. Angular momentum preserving controls, 
e.g., torques generated by joint motors. are considered. The 
N-body system is assumed to have zero initial angular momen- 
tum..Our earlier work'.2 demonstrated that reorientation of a 
planar multibody system with three or more interconnected 
bodies using only joint torque inputs is an inherently nonlinear 
control problem that is not amenable to  classical methods of 
nonlinear control. The goal of this study is to indicate how 
control strategies can be explicitly constructed to  achieve the 
desired absolute reorientation of the N-body system. 
There are many physical advantages in using internal con- 
trols. e.&, joint torque controls, to carry out the desired multi- 
body reorientation maneuvers. First of all, this control ap- 
proach does not modify the total angular momentum of the 
multibody system. In addition, internal controls have obvious 
advantages in terms of energy conservation. Moreover, they 
can be implemented using standard electrical servo motors, a 
simple and reliable control actuator technology. 
The formal development in this paper is concerned with 
control of a multibody interconnection in space that has zero 
angular momentum. Although these results are formulated in 
a general setting, we have been motivated by several classes of 
specific problems. Several potential applications of our gen- 
eral results are now described. 
Manipulators mounted on  space vehicles and space robots 
have been envisioned to carry out construction, maintenance, 
and repair tasks in an external space environment. These space 
systems are essentially multibody systems satisfying the as- 
sumptions of this paper. T o  carry out the desired tasks. they 
must be capable of performing a variety of reorientation ma- 
neuvers. Previous research on  maneuvering of such space 
multibody systems has mainly focused on maneuvers that 
achieve desired orientation of some of the bodies, e.g., an end 
effector, whereas the orientation of some of the remaining 
bodies cannot be specified, a t  least using the methodologies . 
e m p l ~ y e d . ~ - ~  Using the approach suggested in this paper, ma- 
neuvers that achieve any desired reorientation for all of  the 
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links of the system can be accomplished. Such additional flex- 
ibility in performing reorientation maneuvers should have 
great practical significance for completion of  robotic tasks in 
space. 
Another related application is the performance by astro- 
nauts of reorientation maneuvers in space. Although it is well 
known that astronauts in space can perform a variety of com- 
plicated reorientation maneuvers, without the use of thrusters, 
the theoretical basis for such maneuvers is incomplete. Again 
we note that an astronaut in space can be considered as a 
multibody system that satisfies all of the assumptions of this 
paper (except that motion is not restricted to  be planar). Con- 
sequently, the theory in this paper is applicable in principle to 
the study of the maneuvering capability of astronauts in space. 
Previous research in this area9 has emphasized dynamics is- 
sues. Other closely related research has focused on  describing 
the reorientation maneuvers of a falling cat.I0 
Finally, we mention another area of potential application of 
the results of this paper, namely, the development of deploy- 
ment maneuvers for multibody antennas connected to a space- 
craft. If deployment maneuvers for an antenna, or other de- 
ployable structures, are performed using only torque motors 
at the joints of the antenna segments, then the spacecraft- 
antenna system is a multibody system that satisfies the assump- 
tions of this paper. Consequently, our results can be used to 
develop efficient antenna deployment maneuvers. The impor- 
tance of such deployment maneuvers is that they d o  not change 
the final orientation of the spacecraft or the total angular 
momentum of the spacecraft-antenna system, thereby reduc- 
ing the requirements of the spacecraft momentum manage- 
ment system. To  our knowledge, such control approaches to 
antenna deployment have not yet been exploited. It is expected 
that such an approach would have many advantages over the 
use of existing passive antenna deployment mechanisms." 
This paper is organized as follows. In Sec. 11. a mathemati- 
cal model for a planar multibody system in space is derived. 
We then formulate a control problem associated with planar 
multibody reorientation. In Sec. 111, we first summarize sev- 
eral relevant theoretical results. We then introduce a control 
strategy to solve this reorientation problem. In Sec. IV, we 
apply the theoretical results to  a three-link system. We present 
computer simulations illustrating the control strategy. Section 
V consists of  a summary o f  the main results and concluding 
remarks about future research. Although a complete treatment 
of the topics in the paper requires use of differential geometric 
tools, our presentation avoids these tools and uses only ele- 
mentary mathematical methods. However, references to rele- 
vant literature are provided throughout. 
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11. Problem Formulation 
We consider a system of N planar rigid bodies intercon- 
nected by frictionless one-degree-of-freedom joints in the form 
of an open kinematic chain. The configuration space, for an 
observer at the center of mass of the system of rigid bodies, is 
.N dimensional. Since we assume an open kinematic chain, 
there are exactly N - l joints. We consider controlling the 
rotational motion of the system using torques at the joints; 
each joint is assumed to be actuated so as to permit free adjust- 
ment of the,joint angle. It is assumed that there are no external 
torques acting on the system. I t  is clear that the configuration 
of the N bodies can be described by the absolute angle of  any 
one of the bodies (say body 1) and N - I joint angles. Denote 
by 0, the absolute angle of body 1 and by the ( N  - I )  vector 
4 =(GI. .  . . .$.v- ,) the joint angle vector. Clearly, (6,. 4) is a 
generalized coordinate vector for the rotational motion. I t  can 
be shown that the Lagrangian (which is equal to the rotational 
kinetic energy under the preceding ~ssumptions), written in 
terms of these coordinates and their time derivatives, does not 
contain 8, explicitly, i.e., 0, is a cyclic or ignorable coordinate. 
Consequently, the generalized momentum associated with the 
cyclic coordinate 19, is conserved. This conserved quantity is the 
first integral of the motion corresponding to conservation of 
angular momentum of the system. In this paper we assume 
zero initial angular momentum so that angular momentum 
remains zero throughout a maneuver. 
It is clear that Lagrange's equations describe the motion on 
the joint angle space, and the evolution of 8, can be obtained 
from the expression for conservation of angular momentum. 
Thus, the motion of a planar multibody system, under the 
preceding assumptions, can be described by the following re- 
duced-order equations: 
where r = ( r l , .  .. ,TN-,) denotes the ( N  - 1 )  vector of joint 
torques, J,($) is a symmetric positive definite ( N  - I) x (N - 1) 
matrix function, and ~ ( $ 1  and F,($,$) are ( N  - 1) vector func- 
tions. Note that in this paper a prime denotes transpose. The 
explicit specifications of these functions can be found in the 
l i t e r a t ~ r e . ~ . ~ . ' ~  
State-space equations for Eqs. (1) and (2) are 
PLANAR R E O R I E ~ T A T I O N  MANEUVERS 
* = w  
w = u 
We remark here that it is impossible to completely linearize 
system defined by Eqs. (3-5) using static or dynamic feedback 
combined with any coordinate transformation. 
yore that an equilibrium solution of  Eqs. (3-5) correspond.: 
ing to t = 0 [or equivalently an equilibrium solution of E ~ ~ ,  
(7-9) for u = O )  is given by (8;,iP.0). where !8?,ie) is referr* 
to as an equilibrium configuration. .Hence, an equilibrium 
solution corresponds to a trivial motion of the system for 
which all of the configuration space variables remain constant, 
Note also that Eq. (3)  represents conservation of angula, 
momentum. This equation is nonholonomic for :V r 3 (i,e.. 
i f  the multibody system consists of  three or more links). sinc: 
the differential expression (3) is not integrable for N r 3. This 
fact has important implications in terms of controllability 
properties of  the system as will be shown in the subsequent 
development. As a consequence of the symmetry possessed b! 
the system, 6, does not apear explicitly in Eq. (3). Mechanica 
systems with such symmetry properties are referred to as non 
holonomic Caplygin s y ~ t e r n s . ~ ~ - ~ '  As a consequence of tht 
nonintegrability for N 2 3 ,  the scalar analytic functions 
where I = I 1, .  . . , N  - I 1 ,  d o  not all vanish, except possibly 0 
a set that has measured zero with respect to the shape spacr 
111. Reorientation Maneuvering Problem 
In this section, we address the following control proble! 
associated with planar multibody systems described by Eqs. t 
and (2): 
Problem: Given an initial state (@,$O.w@) and a-desirt 
equilibrium solution (B;,$e,O), determine a motion 
such that 
N~~~ that Eqr. and (5) are expressed in terms of the joint satisfi es Eqs. (1) and (2 )  for some control function r -d l  
phase variables (+,&) only. Hence the joint angle space con- Note that, in particular. if wO=O, then this problem co 
s t i tuta  a reduced configuration space for the system. This 'ponds a rest-tO-rest maneuver. 
reduced configuration space is also referred to as the "shape The existence of solutions to  this control problem 
space" of the system.lz-16 It is possible to  consider control demonstrated in our earlier work.'.' In particular, we stuc 
problems expressed solely in terms of the shape space; such the nonlinear control system described by Eqs. (7-9) and 
problems can be using methods. H ~ ~ ~ ~ ~ ~ ,  in played certain results from nonlinear control theory to cha 
our work we are interested in [he more general control prob- terize controllability properties of planar multibody syst described by Eqs. ( I )  and (2). These results not only prove lems associated with the complete dynamics of  the multibody 
existence of solutions of the problem but also 
system defined by Eqs. ( I )  and (2) [or Eqs. (3-91 .  
Note that Eqs. (4) and (5) only, which represent the projec- vide a theoretical basis for construction of nonlinear cor 
tion of the motion onto the shape phase space, are feedback strategies required to achieve the desired maneuver. We 
linearizable using the feedback transformation summarize those results.'.' Under the stated assumptions, a planar multibody sv 
(6) has the following properties if N r 3 ,  i.e., if i t  consists of i or more links: 
where v E RN-I. The previous feedback transformation yields I) The system is strongly accessible. 
the following normal form equations: 2) The system is small time locally controllable from 
- eauilibrium. 
3) The system can be transferred from any in~tial iond 
(7) to any desired equilibrium in arbitrarily small time. 
~f N = I or 2, then the system is not even accessible and is not 
Small time locally controllable, and there exist initial condi- 
{ions that cannot be transferred to a deired equilibrium. 
The ~ r o o f s l . ~ ~  of the first two results-depend on showing 
that certain Lie algebraic conditions are satisfied if N 1 3. The 
third result is proved'.19 constructively. 
It should be emphasized that the subsequent development is 
assumed to be carried out for multibody systems consisting of 
three or more links (N  13); this should be understood even if 
it is not always explicitly stated. Note that the reorientation 
problem generally has many solutions. In this paper, we de- 
scribe one solution approach, outline the theory behind it, and 
present some data from simulations. The key observation is 
the following. 
Consider Eq. (3). Assume that joint angles are controlled in 
such a way that J.(t), O s t ,  a t 512, describes a closed path 7 
in the shape space. Integrating both sides of Eq. (3) from r  ,= r l  
to r = t2 and using the fact that d$ = J. dt ,  we obtain 
Thus, by proper selection of a path y in shape space, any 
desired geometric phase (which is a rotation of link 1) can be 
obtained. By the nonintegrability property just mentioned, the 
preceding integral is in fact path dependent, thereby guaran- 
teeing the existence of (many) such paths. 
Note that in differential geometry the quantity 
is referred to as the geometric phase (or holonomy) of the 
closed path y. This quantity depends only on the geometry of 
the closed path and is independent of the speed at which the 
path is traversed. 
Note that Stokes' formula can be applied to obtain an equiv- 
alent formula for a(y) as a surface integral. For simplicity. 
assume that N = 3, i.e., the shape space is the ,42) plane. 
Also, let y be traversed counterclockwise. Then by Stokes' 
theorem the preceding formula can be written as 
where S is. the surface within the boundary y. In the case that 
the path is traversed clockwise. the surface integral is equal to 
- 4% 
More information concerning geometric phases can be 
found in the literature." Geometric phase ideas have proved 
useful in a variety of inherently nonlinear control prob- 
lems.le21 These ideas have also k e n  used for a class of path 
planning problems based solely on kinematic relati0ns.~j.l*.~6 
Fig. 2 Function H($l,$l). 
We now describe a control strategy, using the preceding 
geometric phase relation (1 I), which solves the reorientation 
problem. 
Let (B;,p,O) denote the desired equilibrium solution. We 
refer to (B:,V) and @ as the desired equilibrium configura- 
tion and the desired equilibrium shape. respectively. We de- 
scribe four steps involved in construction of an open-loop 
control function U~O.,,, = (uI..  . .UN- I)' that transfers any ini- 
tial state ( ~ , J . ~ , u ~ )  to (B;,ty.O) in time exactly tf, where tf >0 
is arbitrary. 
Let O< t1 < t 2 <  t,<tf denote an arbitrary partition of the 
time interval (0, If). 
Step I: Transfer the system to the desired equilibrium 
shape. i.e.. find a control that transfers the initial state 
(@, J.O,uD) to (8; ,v.O) at time t , ,  for some 0;. 
Since the dynamics on the shape phase space are so simple, 
namely, decoupled double integrators, step 1 has many solu- 
tions that are easily obtained using classical methods. One such 
control function is 
Next, we select a closed path y (or a series of closed paths, 
see remark 1 following) in the shape space that achieves the 
desired geometric phase. There are many ways to accomplish 
such a construction; in our work we have found it convenient 
to use only two joint motions. keeping the other joints locked. 
and to use a square path in the restricted two-dimensional 
shape space. It is convenient to select the center of the square 
path in a region of the shape space that corresponds to a 
"large" geometric phase change (see remark 2 following). 
To make the earlier ideas more concrete, we present a spe- 
cific construction. Let ( i  , j )  c 12, i # j ,  denote a pair of joints. 
Assume that for t a r ,  only this pair of joints are actuated 
while all of the other joints are kept fued. This is equivalent 
to locking all of the joints except the ones labeled i and j 
and treating the N bodies as three interconnected bodies, for 
I 2 t I  . In this case the desired geometric phase formula can be 
written as 
where + ( - ) corresponds to counterclockwise (clockwise) 
traversal of the closed path y. Since we desire to make 
Bl(tf) = Of, the closed path y should be selected to satisfy 
I Fig. 1 Thrrc-link eumpk. 0; - ef = *a(r) 
REYHANOGLU AND MCCLAhlROCH: PLANAR REOR~ENTAT~ON MANEUVERS 
0 1 
I rem, as indicated p r e v i ~ ~ s l ~ ,  uggests that $* should be chasm 
4 . 2  - i where 
I 
Fig. 3 ~come~ric phase curve. 
Fig. 4 Time mponm for # I .  $1. and $2. 
The path-y lies in the two-dimensional plane. so that 
is a maximum. 
We now describe the remaining three steps as follows. 
Step 2: Transfer the system from state (01 ,Ge.O) to a stat, 
corresponding to the corner of v closest to V,  along an arb;. 
trary path in the shape space, in t 2  - t ,  units of time. 
As an example. if  pi' is the corner of y closest to de,  we 
propose the following control function for step 2: 
Step 3: Traverse the selected square path (counterclockwise 
or clockwise, depending on the sign of the desired geometric 
phase value), in t ,  - r z  units of time; the resulting change in 
the angle 8)  is necessarily 8; - 8 ; .  
Without loss of generality, we assume that the desired gee- 
metric phase value is obtained by counterclockwise traversal 
of the closed path starting and ending at p:. Then, the follow. 
ing control functions guarantee traversal of the closed path, 
thereby accomplishing step 3: 
where the scalar functions &($i, ll,) and f,($i, 4,) are obtained 2r(p:-pa sin[2.(t -t2-3h) 
by evaluating si($) and s,($) at $r = $;. vk E I where k # i , j .  u ~ r 2 + 3 h ~  = h~ h ] As mentioned earlier, we choose y to be a square path in the 
($,,$,) plane that is centered at the shape defined by $* and where h = (t3 - tZ)/4. 
that has side of length zm, where I *  satisfies Step 4: Transfer the system back to the desired equilibrium 
shape following the path used in step 2, in t,-f3 units of 
*a(y,.) + 81 - 87 = 0 time, thereby guaranteeing that the desired final state (Of, $',Ol 
is reached at time r f .  
Here y: indicates the dependence of the square path on the size The following control function 
Darameter z .  In most cases, this equation is easily solved using 
itandard numerical procedures. - 
Thus the four corner points of this square path are defined 
by shape vectors 
where ei and e, are the ith and j th standard basis vectors in 
RN-I .  Thus the specific square path selected depends on the 
N - 1 vector $* that is the center of the square and the size of 
the square z*. 
Remark. I: Note that here, for notational simplicity in pre- 
senting the main idea, we assume that the desired geometric 
phase can be obtained by a single closed path. In general, more 
than one closed path may be required to produce the desired 
geometric phase; for such cases y can be viewed as a concate- 
nation of a series of closed paths. 
Remark 2: Selection of the center point $* of the path is 
rather arbitrary, e.g., one selection is $* = $#. However, other 
choices may provide a greater change in the geometric phase 
for a given size path. In this regard, the use of Stokes' theo- 
accomplishes step 4. 
The corresponding control torque z can be computed using 
Eq. (6). It is clear that the constructed control torque transfers 
the initial condition of the system (1) and (2) to the desired 
equilibrium configuration at time t,. It is important to empha- 
size that the preceding construction is based on a priori selec- 
tion of a square as the closed path in the shape space. Selection 
of square paths simplifies computation of the controls; how- 
- 2  
-3 
-4 -2 0 1 4 
$1 ( r d )  - 
Fig. S MoUoa in shape s p n .  
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- I other path selections could be made. There are infinitely many choices for control functions that accomplish the pre- ceding four steps, and the total time required is arbitrary. 
IV. Example of Maneuvering a Three-Body System 
In this section, the theory developed in Sec. 111 is used to 
illustrate a specific maneuver for interconnected multibodies 
using only torque inputs at the joint connections. As discussed, 
general planar maneuvers cannot be achieved using two or 
fewer interconnected links. An interconnection of three links 
provides complete maneuvering capability; consequently, that- 
is the case considered here. Maneuvers of an interconnection 
of more than three links can always be reduced to a sequence 
of  submaneuvers, each submaneuver involving the motion of 
only three links. 
For illustration purposes we consider a planar three-link 
system modeled as in Fig. 1. The first link represents a space- 
craft. whereas the other two links represent antenna segments; 
the reorientation maneuver that is studied represents a deploy- 
ment of the antenna that is to  be accomplished while achieving 
a specified orientation of the spacecraft. The system character- 
istics are given in Table 1. 
Using the notation already introduced with N = 3, the fol- 
lowing are the reduced-order equations of motion 
and the vector function F,($,w) can be expressed as 
where $ = ($I  ,$z) and w = (wl ,w2). We first compute the func- 
tion 
on [ - T ,  nl x [ -  r ,  r]. This function is shown graphically in 
Fig. 2. The joint angles ($l ,$z) ,  where H takes the largest 
absolute value, are approximately 
Consequently, geometric phases for the square paths centered 
at #*  = ( 2 ~ / 3 ,  5u/6) are computed numerically. Figure 3 
shows the geometric phase as a function of the size of the 
square path. 
We present a representative rest-to-rest maneuver that de- 
ploys the antenna segments from a folded configuration to a 
deployed configuration while achieving a desired orientation 
of the spacecraft link. The maneuver is defined by an initial 
rest configuration (0, a, - T )  and a final rest configuration 
Fig. 6 Control torqua TI and Q. 
The functions s , ( $ ~ , $ ~ )  and s z ($ , , $3 ,  determined from the 
angular momentum expression, are given as 
s , ( $ )  = - N , ( $ ) / D ( $ ) ,  i = I ,2 
where 
N1($) = 17.5 + 7.5 cos $I + 10.5 C O ~  $2 + 2.5 COS($I +$3 
N2($) = 3.75 + 5.25 cos $2 + 2.5 COS($I  + $2) 0 
and the transformed input u is related t o  the control torque r 
by 
u = - J; ' ($)Fs($,w) + 1,- ' ( $ 1 ~  
where Js($)  is a 2 x 2 matrix with entries 
J,,,($) = 17.5 + 10.5 cos - N ~ ( $ ) / D ( $ )  
JSll($) = 3.75 + 5.25 cos $2 - N:($)/D($) 
I J,,($) = 3.75 - N;($)/D($) Fig. 7 C o a ~ t i o n  of Unkr. 
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@.ST, 0,O). The specific control functions indicated previ- 
ously were used in the simulation; the times for each of  the 
indicated steps are ti  = 8, t2 = 12, t ,  = 20, and t, = 24. In this 
particular case, the required geometric phase change e;-ei 
was computed to be 0.39 rad, which defined the square path 
used in the simulation. 
The time responses for e l ,  $ I ,  and IL2 are shown in Fig. 4. 
Figure 5 illustrates the motion in the shape space. The control 
torques sl and TI  are shown in Fig. 6. In Fig. 7 the maneuver 
is demonstrated by showing the configuration of the links for 
a sequence of uniformly spaced time instants. 
V. Conclusions 
In this paper we have developed a reorientation maneuver- 
ing strategy for planar rigid bodies interconnected by ideal pin 
joints in the form of an open kinematic chain. The maneuver 
strategy uses the nonintegrability of the expression for angular 
momentum conservation. We have demonstrated that large 
angle maneuvers can be designed to achieve an arbitrary reori- 
entation of  the multibody system with respect to  an inertial 
frame; the maneuvers are performed using internal controls, 
e.g., servo torque motors located at the joints of the body 
segments. The theoretical background for carrying out the 
required maneuvers has been briefly summarized. The results 
have been applied to  a specific space maneuver of a three-body 
interconnection. We mention two nontrivial extensions of the 
approach in this paper that are currently being developed. The 
first extension is to  nonplanar reorientation maneuvers of 
multibody systems: in this case the dynamics issues are much 
more compiicated; but in principle the approach is viable.12 
Another extension is the development of feedback implemen- 
tations of the controls presented in this paper; some results 
have b u n  obtainedi9 using a (necessarily) discontinuous feed- 
back strategy. These important extensions generally require 
the use of differential geometric methods for a complete treat- 
ment. One motivation of the present paper has been t o  present 
the key ideas, in the case of planar reorientation maneuvers. 
using only elementary methods of analysis. - 
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Abstract 
The attitude stabilization problem of a rigid spacecraft using control torques supplied by 
gas jet actuators about only two of its principal axes is considered. We first consider the case 
where the uncontrolled principal axis of the spacecraft is not an axis of. symmetry. In this 
case, the complete spacecraft dynamics are small time locally controllable. However, the 
spacecraft cannot be asymptotically stabilized to an equilibrium attitude using tirne-invariant 
continuous feedback.' A discontinuous stabilizing feedback control strategy is constructed 
which stabilizes the spacecraft to an equilibrium attitude. We next consider the case where 
the uncontrolled principal axis of the spacecraft is an axis of symmetry. In this case, the 
complete spacecraft dynamics are not even accessible. However, the spacecraft dynamics are 
strongly accessible and small time locally controllable in a reduced sense. The reduced space- 
craft dynamics cannot be asymptotically stabilized to an equilibrium attitude using time- 
invariant continuous feedback, but again a discontinuous stabilizing feedback control strategy 
is constructed. In both cases, the discontinuous feedback controllers are constructed by 
switching between several feedback functions which are selected to accomplish a sequence of 
spacecraft maneuvers. The results of the paper show that although standard nonlinear control 
techniques are not applicable, it is possible to construct a nonlinear discontinuous control law 
based on the dynamics of the particular physical system. 
* Author to whom all comspondence should be addressed. 
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1. Introduction 
The attitude stabilization problem of a rigid spacecrafi using control torques supplied by 
gas jet actuators about only two of its principal axes is revisited. Although a rigid spacecraft 
in general is controlled by three independent actuators about its principal axes, the situation 
considered in this paper may arise due to the failure of one of the actuators of the spacecraft. 
Since we are considering a space-based system, the problem considered here, namely, the atti- 
tude stabilization of a spacecraft operating in an actuator failure mode, is an important control 
problem. The linearization of the complete spacecraft dynamic equations at any equilibrium 
attitude has an uncontrollable eigenvalue at the origin. Consequently, controllability and stabil- 
izability properties of the spacecraft cannot be inferred using classical linearization ideas and 
requires inherently nonlinear analysis. Moreover, a linear feedback control law cannot be used 
to asymptotically stabilize the spacecraft to an equilibrium attitude. An analysis of the con- 
trollability properties of a spacecraft with two independent control torques is made in (Crouch, 
1984). Crouch (1984) showed that a necessary and sufficient condition for complete control- 
lability of a spacecraft with control torques supplied by gas jet actuators about only two of its 
principal axes is that the uncontrolled principal axis must not be an axis of symmetry of the 
spacecraft. In (Byrnes and Isidori, 1991), it is shown that a rigid spacecraft controlled by two - 
pairs of gas jet actuators about its principal axes cannot be asymptotically stabilized to an 
equilibrium attitude using a time-invariant continuously differentiable, i.e. C ', feedback con- 
trol law. Moreover, using some of the theoretical results in (Sontag, 1989) and (Zabczyk, 
1989), it also follows that there does not exist any time-invariant continuous feedback control 
law which asymptotically stabilizes the spacecraft to an equilibrium attitude. However a 
smooth C' feedback control law is derived in (Byrnes and Isidori, 1991) which locally 
asymptotically stabilizes the spacecraft to a circular attractor, rather than an isolated equili- 
brium 
We first consider the case where the uncontrolled principal axis of the spacecraft is not 
an axis of symmetry. In this case, the complete spacecraft dynamics are small time locally 
controllable at any equilibrium attitude. However, as stated earlier, the spacecraft cannot be 
asymptotically stabilized to any equilibrium attitude using a time-invariant continuous feed- 
back control law. Using local controllability results, an algorithm which locally asymptoti- 
cally stabilizes the spacecraft to an isolated equilibrium is proposed in (Crouch, 1984). That 
algorithm is extremely complicated and is based on Lie algebraic methods in (Hermes, 1980). 
The algorithm yields a piecewise constant discontinuous control. Although very complicated, 
the algorithm is the only one proposed in the literature thus far which locally asymptotically 
stabilizes the spacecraft attitude to an equilibrium. In this paper a new discontinuous 
a 
stabilizing feedback conkl-skategy is constructed which stabilizes the spacecraft to an equili- 
brium attitude. The control strategy is simple and is based on physical considerations of the 
problem. 
We next consider the case where the uncontrolled principal axis of the spacecraft is an 
axis of symmetry. In this case, the complete spacecraft dynamics are not even accessible. 
Under some rather weak assumptions, the spacecraft dynamic equations are strongly accessi- 
ble and small time locally controllable at any equilibrium attitude in a reduced sense. The 
reduced spacecraft dynamics cannot be asymptotically stabilized to an equilibrium attitude 
using time-invariant continuous feedback. Nevertheless, a discontinuous feedback control stra- 
tegy is constructed which achieves attitude stabilization of the spacecraft. 
We conclude this section with a summary of some of the important results on the stabili- 
zation of the angular velocity equations (i.e. without considering the attitude equations) of a 
spacecraft using fewer than three independent control torques. Asymptotic stabilization of the 
angular velocity equations of a spacecraft using only control torques about two of its principal 
axes is considered in (Aeyels, 1984) and (Brockett, 1983). It is shown that the angular velo- 
city is asymptotically stabilizable to the origin using smooth C1 feedback if the uncontrolled 
principal axis is not an axis of symmetry of the spacecraft. Explicit control laws are derived 
in (Brockett, 1983) and in (Aeyels, 1984) using center manifold theory. For a spacecraft with 
no axis of symmetry, asymptotic stabilization using a linear control law is possible using just 
one control torque about an axis having nonzero components along each principal axis 
(Aeyels, 1988). The control law, however, is not robust. In the case of an axially symmetric 
spacecraft controlled using a single control torque about an axis having nonzero components 
along each principal axis, there exists no linear control law which asymptotically stabilizes the 
origin; however there exists a nonlinear asymptotically stabilizing control law (Sontag and 
Sussman, 1988). If there is only one control torque applied about an axis which is a principal 
axis of the spacecraft, then asymptotic stabilization is not possible (Aeyels, 1985). However, 
there exist smooth C1 feedback control laws which make the origin stable in the sense of 
Lyapunov (Aeyels, 1985). A point to notice is that the resulting closed loop system is robust 
if the moment of inertia about the control axis is either the maximum or minimum principal 
moment of inertia. Otherwise, the control law is not robust. 
2. Kinematic and Dynamic Equations 
Kinematic Equations 
The orientation of a rigid spacecraft can be specified using various paramemzations of 
the special orthogonal group SO (3). Here we use the following Euler angle convention. Con- 
sider an inertial XI X 2  X3 coordinate frame; let xl x2 x3 be a coordinate frame aligned with 
the principal axes of the spacecraft with origin at the center of mass of the spacecraft. If the 
two frames are initially coincident, a series of three rotations about the body axes, performed 
in the proper sequence, is sufficient to allow the spacecraft to reach any orientation. The three 
rotations are: 
# t ,  
a positive rotation of frame XI X2 X3  by an angle yf about the X3 axis; let xl x2 x3 
denote the resulting coordinate frame; 
, , ,  ,, #, #, 
a positive rotation of frame xl x2 x3 by an angle 9 about the x i  axis; let XI x2 x3 
denote the resulting frame; 
,. ,, ,, 
a positive rotation of frame x x2 x3 by an angle Q about the x ; axis; let x 1 x2 x ,  
denote the final coordinate frame. 
A rotation matrix R relates components of a vector in the inertial frame to components of the 
same vector in the body frame; in terms of the Euler angles a rotation matrix is of the form 
where c y = cos(y), s y = sin(y). We assume that the Euler angles are limited to the ranges 
-a < y c a, -a12 c 8 c x/2, -a c + c a. Suppose o l ,  q, o+ are the principal axis com- 
ponents of the absolute angular velocity vector o of the spacecraft. Then expressions for 
q, q, "j are given by 
. . 
ol = $ - ysin0 , (2.2) 
By excluding the case where 9 = f d2, these equations are invertible. Thus we can solve for 
6, 0, $ in terms of wl, 02, q obtaining 
Next we consider the dynamic equations which describe the evolution of the angular 
velocity components of the spacecraft. 
Dynamic Equations 
Let J = diag (J1, J2,  J3), Ji z 0, i = 1, 2, 3, be the inertia mamx of the spacecraft in a 
coordinate frame defined by its principal axes. Let H be the angular momentum vector of the 
spacecraft relative to the inertial frame. Then we have 
Differentiating (2.8) we obtain 
where 
We assume that the control torques u ' ~  and ut2  are applied about axes represented by unit 
vectors b l  and b2 respectively. This implies that 
Without loss of generality, we assume that b = (1, 0, 0)' and b 2  = (0, 1, o)~. Thus the equa- 
tions describing the evolution of the angular velocity of the spacecraft are given by 
3. Controllability and Stabilizability Properties of Complete Spacecraft 
Dynamics with Two Control Torques 
As background for our subsequent development, we consider the controllability and sta- 
bilizability properties for the complete dynamics of the spacecraft with control torques only 
about two of its principal axes. Define 
From Section 2 the state equations can be rewritten as 
hl = ~ ~ 0 2 %  + u 1  , 
& = a2010j  + u 2 ,  
& = a30102 9 
4 = q + w i n $  tan8 + ycos$ tan8 , 
where 
This is of the form 
= f  ( x )  + g l u i  +82U2 9 (3.7) 
where x = ( u ~ , ~ , ~ , @ , , B , ~ ) ~  and f ,  g g 2  are vector fields defined appropriately on the 
open set 
It is easily verified that the linearization of the equations about an equilibrium has an uncon- 
trollable eigenvalue at the origin. This implies that an inherently nonlinear analysis is neces- 
sary in order to characterize the controllability and stabilizability properties of the complete 
spacecraft dynamics. Moreover, a linear feedback control law cannot be used to 
asymptotically stabilize the spacecraft to an equilibrium attihde. 
We now present fundamental results on the controllability and ~tabilizabilit~ propenies 
of the complete spacecraft dynamics described by equations (3.1)-(3.6). 
Theorem 3.1: The complete spacecraft dynamics described by state equations (3.1)-(3.6) are 
strongly accessible V X E  M if and only if J 1  z J2, i.e. the uncontrolled principal axis is not an 
axis of symmetry. 
Proofi If J1 # JZ7 the vector fields g 1, gt, Cg If I, [g2f I, Eg2,[g ~f 11, [[gz9b r f  ] I f  I span a 
six dimensional space at every X E  M. Thus the strong accessibility Lie algebraic rank condi- 
tion is satisfied and hence the complete spacecraft dynamics are strongly accessible. If J1 = J2 
the complete spacecraft dynamics fails to be accessible. since q is necessarily constant. 
Theorem 32: The complete spacecraft dynamics described by state equations (3.1)-(3.6) are 
small time locally controllable at any equilibrium if and only if Jl # J2 .  
Proof: Suppose J1 # J2.  Then the complete spacecraft dynamics are strongly accessible. Fol- 
lowing Sussman (1987), let Br(x) denote the smallest Lie algebra of vector fields containing 
f ,  g,, gz. Let B be any bracket in Br(x). Now denote ~O(B), 6 l ( ~ ) ,  # ( B )  as the number of 
occurrences of the vector fields f , g 1, gz respectively in the bracket B . The degree of B is 
2 
equal to the value of Z ~ ' ( B ) .  The Sussman condition for small time lofal controllability at 
i=O 
an equilibrium is that the so-called bad brackets, the brackets with So odd, and S1, S2 even, 
must be a linear combination of brackets of lower degree at that equilibrium. From the proof 
of Theorem 3.1 it is clear that any bracket of degree greater than four can be expressed as a 
linear combination of lower order brackets at any equilibrium. Moreover the degree of a bad 
bracket must necessarily be odd. The bad bracket of degree one is f which vanishes at any 
equilibrium. The bad brackets of degree three are [g l,Cg I] and [g 2,[g f I] and both are 
identically zero vector fields. Thus the complete spacecraft dynamics are small time locally 
controUable. If J1 = JZ, the complete spacecraft dynamics fails to be accessible at any equili- 
brium; hence it cannot be small time locally controllable at any equilibrium. 
Theorem 33:  The complete spacecraft dynamics described by state equations (3.1)-(3.6) can- 
not be locally asymptotically stabilized to an equilibrium by any time-invariant continuous 
state feedback control law. 
This result holds if J1 t J 2  and also if J1 = J2 A weaker version of the above theorem 
(with "continuous" replaced by "C1") was proved in (Bymes and Isidori, 1991). However, 
Theorem 3.3 follows from (Bymes and Isidori, 1991) using results in (Sontag, 1989) and 
(Zabczyk, 1989). This negative result also implies that feedback control approaches based on 
. .  _ 
linearization, Lyapunov methods, center manifold theory, or zero dynamics cannot be used to 
asymptotically stabilize the spacecraft to an equilibrium attitude. 
Although the full set of equations (3.1)-(3.6) cannot be asymptotically stabilized to an 
equilibrium via continuous feedback, one may still wish to design a smooth control law which 
stabilizes at least a particular subset of state variables. Consider the state equations for 
ol, 02, 03, @ and 8 given by equations (3.1)-(3.5). These equations are not affected by the 
Euler angle yf. Asymptotic stabilization of this subset of the original equations corresponds to 
stabilization of the.motion of the spacecraft about an attractor, which is not an isolated equili- 
brium. A result from (Byrnes and Isidori, 19'91) shows that the closed loop trajectories can be 
asymptotically stabilized to the manifold 
using smooth C ' feedback. 
We mention that although the complete spacecraft dynamics described by equations 
(3.1)-(3.6) cannot be asymptotically stabilized to an equilibrium by continuous feedback, an 
algorithm generating a piecewise constant discontinuous control has been developed in 
(Crouch, 1984) which locally asymptotically stabilizes the complete spacecraft dynamics to an 
equilibrium. The algorithm requires that J 1 # J 2 ,  i.e. the uncontrolled principal axis must not 
be an axis of symmetry. The algorithm is based on Lie algebraic methods in (Hermes, 1980). 
The algorithm is extremely complicated and is not an easily implementable conml strategy. 
However, stabilization of the complete spacecraft dynamic equations (3.1)-(3.6) is an 
inherently difficult problem and the algorithm in (Crouch, 1984) is the only control strategy 
proposed in the literature thus far. 
4. Attitude Stabilization of a Non-Axially Symmetric Spacecraft 
with Two Control Torques 
In this section, we consider the equations (3.1)-(3.6) describing the motion of a space- 
craft controlled by input torques only about two of its principal axes. It is assumed that the 
uncontrolled principal axis is not an axis of symmetry of the spacecraft, i.e. J 1  # JZ. AS a 
consequence of the negative result of Theorem 3.3, we restrict our study to the class of 
discontinuous feedback controllers in order to asymptotically stabilize the complete spacecraft 
dynamics. However, as shown in the previous section, the complete spacecraft dynamics are 
small time locally controllable at any equilibrium attitude. This suggests that a piecewise ana- 
lytic feedback control law can be constructed which asymptotically stabilizes the complete 
spacecraft dynamics to an equilibrium attitude. Here we present a particular discontinuous - 
feedback strategy, which is obtained by requiring that the spacecraft undergo a sequence of 
specified maneuvers. Without loss of generality, we assume that the equilibrium attitude to be 
stabilized is the origin. ' We fint present a physical inierpretation of the sequence of 
maneuvers that transfers any initial state to the origin. 
Maneuvers 1-3. Transfer the initial state of the spacecraft to an equilibrium state in finite 
time; i.e. bring the spacecraft to rest. 
There are control laws based on center manifold theory (Aeyels, 1984) and zero dynam- 
ics theory (Bymes and Isidori, 1991) which accomplish this in an asymptotic sense. Here we 
use a sequence of three maneuvers, and corresponding feedback control laws, which bring the 
spacecraft to rest in finite time. 
Maneuver 4. Transfer the resulting state to an equilibrium state where @ = 0 in finite time; 
i.e. so that the spacecraft is at rest with @ = 0. This maneuver is accomplished using the con- 
trol torque u only. 
Maneuver 5. Transfer the resulting state to an equilibrium state where @ = 0, 8 = 0 in finite 
time; i.e. so that the spacecraft is at rest with @ = 0, 8 = 0. This maneuver is accomplished 
using the control torque 242 only. 
In order to complete specification of the sequence of maneuvers, the Euler angle must 
be brought to zero. This cannot be accomplished directly since a control torque cannot be 
applied about the third principal axis of the spacecraft. However, the resulting state can be 
transferred to the origin indirectly using three maneuvers. The three maneuvers correspond to 
three consecutive rotations about the two controlled principal axes of the spacecraft, the first 
and the third being around the first principal axis. This produces a net change in the orienta- 
tion of the spacecraft (see Figure 9 in Marsden et. al, 1991) so that the state of the spacecraft 
is transferred to the origin in finite time. The three maneuvers are described as follows. 
IC Maneuver 6. Transfer the resulting state to an equilibrium state where @ = - 8 = 0 in finite 2 '  
X time; i.e. so that the spacecraft is at rest with 9 = - 8 = 0. This maneuver is accomplished 2 '  
using the control torque u 1 only. 
X T Maneuver 7. Transfer the resulting state to the equilibrium state (0,0,0,-,0,0) in finite time. 2 
This maneuver is accomplished using the control torque u2 only. 
X T Maneuver 8. Transfer the equilibrium state (00  0 -,0,0) to the equilibrium state 
" ' 2  
(o,o,o,o,o,o)~ in finite time. This maneuver is accomplished using the control torque u l  only. 
Note that, excluding the first three maneuvers where the spacecraft is brought to rest, 
subsequent maneuvers are such that the angular velocity component y is maintained identi- 
cally zero. This is accomplished by carrying out maneuvers which require use of only a single 
control torque at a time. It is convenient to introduce some notation. Throughout, assume 
I 
k > 0, and define 
x21 x2I x21 x21 
< O ) o r ( x 1 +  2k = O  and x 2 < 0 )  2 k 
I 0 if ( x l = O  and x2=O} 
We use the well-known property that the feedback control 
u = - G(xl -TI, x2) 
for the system 
x1 = x 2  
transfers any initial state to the final state (Xl,O) in a finite time. We also use the standard 
notation that 
Our mathematical construction of a control strategy which transfers an arbitrary initial state of 
the spacmatt to the origin is based on a sequence of equilibrium subsets and a sequence of 
control functions which transfers a state in one subset to another. Consider the following 
equilibrium subsets of M 
M 3  = (X = (o,o,o,o,o,~)~ I v arbitrary) , 
We now present the feedback control laws that accomplish the sequential maneuvers described 
above; for each case we show that a desired terminal state which defines the maneuver is 
reached. 
Transferring any initial state to a state in M I  
In order to transfer the arbitrary initial state to a final state which satisfies 
wl = y = o, = 0 three sequential maneuvers are required. The first maneuver results in 
ol = y = 0 while o, t 0 in general; the second maneuver results in ol = o; and q = a;, 
where a;, 4 are chosen to guarantee that at the end of the third maneuver 
o1 = 02 = o, = 0. These three maneuvers are described in detail as follows. 
0 0 0 0 9 0  Maneuver 1. Let (ol ,y ,a3,@ , ,w4T E M denote an initial state for the complete space- 
craft dynamics described by equations (3.1)-(3.6). Define 
Equations (3.1)-(3.3) can now be rewritten as 
& = v 2 ,  
(;)3 = a30102 . 
Apply the feedback control functions 
l opl l o,01 
It is easy to see that after a finite time given by max(- - k ), ol = ct+ = 0; at this k 
instant let q = Zi& where the constant value liS3 can be evaluated. 
Maneuver 2. Apply the feedback control functions 
, where 
0; It is again easy to see that after a finite time given by -, ol = a;, 9 = 4, and in addi- 
k 
a, tion it can be shown that 9 = -. 2 
I Maneuver 3. Apply the feedback control functions 
l 
0; It can be seen that after a finite time given by -, ol = 0, q = 0 and it can be shown that k 
Consequently, the resulting state after these three sequential maneuvers is 
( 0 , 0 ~ 0 , $ ~ , 0 ~ , ~ ~ ) ~  E M1 for some $I, 01, vl. 
Transferring a state in M I  to a state in M 2  (Maneuver 4) 
Let ( 0 , 0 , 0 , $ ~ , 8 ~ , ~ ~ ) ~  E M1 denote a state of the spacecraft. Apply the feedback control 
functions 
It follows that 
8 = 0 l , y f = $ ,  
satisfy equations (3.2), (3.3), (3.3, (3.6) while equations (3. I), (3.4) become 
Consequently, after a finite time ol = 0, 0 = 0; and thus the maneuver transfers a state 
1 I T  ( 0 , 0 , 0 , @ ~ , € l ' , ~ ~ ) ~  E MI to the state (0,0,0,0,8 ,v ) E M 2  in finite time. 
Transferring a state in M 2  to a state in M 3  (Maneuver 5) 
1 1 'T Let (0,0,0,0,0 ,y ) E M 2  denote a state of the spacecraft. Apply the feedback control 
functions 
It follows that 
@ = 0 * y f = y f 1 ,  
satisfy equations (3.1), (3.3), (3.4). (3.6) while equations (3.2), (3.5) become 
Consequently, after a finite time w2 = 0, 0 = 0; and thus the maneuver transfers a state 
(0,0,0,0,e',~')~ E M 2  to the state ( o , o , o , o , o , ~ ~ ) ~  E M 3  in finite time. 
Transferring a state in M 3  to a state in M4 (Maneuver 6) 
Let (o,o,o,o,o,~')~ E M 3  denote a state of the spacecraft. Apply the feedback control 
functions 
It follows that 
o , = O , w , = O ,  
8 = 0 , v = ~ l ,  
satisfy equations (3.2)' (3.3)' (3.5). (3.6) while equations (3. I), (3.4) become 
It Consequently, after a finite time ol = 0, 9 = -. and thus the maneuver transfers a state 2 ' 
- 
1 (0,0,0,0,0,yf')~ E M 3  to the state (O,O.O,l,~,vl) E M I  in finite time. 2 
7c Transferring a state in M 4  to (0,0,0,1,0,0) (Maneuver 7) 
Let (0 0 0 0 vl)' E M, denote a state of the spacecraft. Apply the feedback control 
" ' 2 "  
functions 
It follows that 
satisfy equations (3.1)' (3.3)' (3.4)' (3.5) while equations (3.2), (3.6) become 
Consequently, after a finite time 02 = 0, v = 0; and thus the .maneuver transfers a state 
"a . T  
1 
(0 0 0 0 yfl) E M, to the state (0 0 0 1 0 0; in finite time. ' ' ' 2 '  ' ' ' ' 2 "  
1 
Transferring (0,0,0,L,0,0) to (o,o,o,o,o,o)~ (Maneuver 8) . . 2 
K T 
- Let (0,0,0,-,0,0) denote the state of the spacecraft. Apply the feedback control func- 2 
tions 
It follows that 
satisfy equations (3.2), (3.3), (3.3, (3.6) while equations (3. I), (3.4) become 
Consequently, 
'P 
after a finite time wl = 0, @ = 0; and thus the maneuver transfers 
to the state (o,o,o,o,o,o)~ in finite time. 
In summary, the feedback control strategy outlined above can be implemented by 
sequential switching between the following feedback functions. 
Maneuver 1. Apply 
1 u2 (x) = - ~ 2 0 3 0 ~  - ksigno2 , 
until (w1,%q) = (O,O,%) for some value $; then go to Manuever 2. 
Maneuver 2. Compute . . 
2 u ( x )  = - a - k sign(ol - 0;) , 
* * %  
until (a l ,q ,q)  = (a1 ,%,-); then go to Maneuver 3. 2 
Maneuver 3. Apply 
until (al,%,%) = (0,0,0), i.e. ( O ~ , O ~ , Y , $ , ~ , ~ ) ~  E M I ;  then go to Maneuver 4. 
Maneuver 4: Apply 
u , ~ ( x )  = - G($, all , 
u $ ( x ) = 0 ,  
until ( W ~ , W ~ , C O ~ , @ )  = (0,0,0,0), i.e. (ol,q,03,$,0,v)T E M 2 ;  then go to Maneuver 5. 
Maneuver 5: Apply 
u?(x) = 0 ,  
5 u2 ( X I  = - G ( e , q )  , 
until (al,q,y,@,O) = (0,0,0,0,0), i.e. (o l ,~ , y ,$ ,B ,v )T  E M3; then go to Maneuver 6. 
Maneuver 6: Apply 
X 
u f ( x ) = - G ( @ -  - , a 1 ) ,  2 
u f ( x )  = o ,  
K 
until (al,y,y,@,O) = (0,0,0,-,0), i.e. (ol,y,%,@,~,v)T E M 4 ;  then go to blaneuver 7. 2 
Maneuver 7: Apply 
u [ ( x )  = 0 .  
X 
until (al,%, y , $ , e , ~ )  = (O,O,O,T,O,O); then go to Maneuver 8. 
Maneuver 8: Apply 
until (ol,q,o+,9,e,v) = (0,0,0.0,0,0). 
This feedback control strategy achieves attitude stabilization of the spacecraft by execut- 
ing a sequence of maneuvers. This strategy is discontinuous and nonclassical in nature. 
Justification that it stabilizes the complete spacecraft dynamics to an equilibrium attitude in 
finite time, under the ideal model assumptions, follows as a consequence of the construction 
procedure. A computer implementation of the feedback control strategy can be easily carried 
out. 
5. Attitude Stabilization of an Axially Symmetric Spacecraft 
with Two Control Torques 
From the analysis made in Section. 3, we find that the complete dynamics of a spacecraft 
controlled by two control torques supplied by gas jet actuators, as described by equations 
(3.1)-(3.6). fail to be controllable or even accessible if the uncontrolled principal axis is an 
axis of symmetry of the spacecraft, i.e. if J1 = J2. Due to the lack of controllability, the con- 
trol algorithm proposed in (Crouch, 1484) is not applicable to this case. In this section we 
concentrate on the case where the uncontrolled principal axis of the spacecraft is an axis of 
symmetry, i.e. J 1 ' =  J2 .  In particular we ask the question: what restricted control and stabiliza- 
tion properties of the spacecraft can be demonstrated in this case? Our analysis begins by 
demonstrating that, under appropriate restrictions of interest, the spacecraft equations can be 
expressed in a reduced form. Controllability and stabilizability properties for this case follow 
from .an analysis of the reduced equations. 
Consider the equations (3.1)-(3.6) describing the motion of a spacecraft controlled by 
input torques supplied by gas jet actuators about only two of its principal axes. It is assumed 
that the uncontrolled principal axis is an axis of symmetry of the spacecraft. From equations 
(3.1)-(3.6) and J l  = J 2  we have 
If q ( 0 )  # 0 then q cannot be transferred to zero using any control function. If we 
assume that *(O) .= 0, then 3 = 0. Under the resmction q ( O )  = 0, the reduced spacecraft 
dynamics for this case are described by 
$ = %sin@ secB . (5.1 1) 
The following results can now be easily shown. The proofs of Theorem 5.1 and Theorem 5.2 
are similar to the proofs of Theorem 3.1 and Theorem 3.2 respectively. Theorem 5.3 follows 
from the results in (Brockett, 1983), (Sontag, 1989) and (Zabczyk, 1989). 
Theorem 5.1: The reduced dynamics of an axially symmetric spacecraft controlled by two 
pairs of gas jet actuators as described by equations (5.7)-(5.11) are strongly accessible. 
Theorem 52: The reduced dynamics of an axially symmetric spacecraft controlled by two 
pairs of gas jet actuators as described by equations (5.7)-(5.11) are small time locally controll- 
able at any equilibrium. 
Theorem 53:  The reduced dynamics of an axially symmetric spacecraft controlled by two 
pairs of gas jet actuators as described by equations (5.7)-(5.11) cannot be asymptotically sta- 
bilized to an equilibrium using a time-invariant continuous feedback control law. 
The implications of the properties stated above are as follows. For all initial conditions 
that satisfy q(0)  = 0, the axially symmetric spacecraft controlled by two pairs of gas jet 
actuators as described by equations (5.1)-(5.6) can be controlled to any equilibrium attitude. 
However, any @me-invariant feedback control law that asymptotically stabilizes the spacecraft 
to an isolated equilibrium attitude must necessarily be discontinuous. Thus arbitrary reorienta- 
tion of the spacecraft can be achieved if q ( 0 )  = 0; if q ( O )  # 0, reorientation of the space- 
craft to an equilibrium attitude cannot be achieved. 
Conveniently, it turns out that sequential execution of the maneuvers defined as Manuev- 
ers 3 through 8 in the previous section transfers any initial state of the reduced spacecraft 
dynamics (5.7)-(5.11) to the origin in finite time. The physical interpretation of the manuevers 
is the same as described previously; the overall feedback control strategy is as follows. 
Maneuver 1. Apply 
until (a1,03 = (0,O); then go to Maneuver 2. 
Maneuver 2: Apply 
u:(x) = - G($, . 
u;(x) = 0 ,  
until (u1,q,$) = (0,0,0); then go to Maneuver 3. 
Manuever 3: Apply 
u?(x) = 0 , 
until (m1,m2,@,0) = (0,0,0,0); then go to Maneuver 4. 
Maneuver 4: Apply 
X 
until (ml,q,$,O) = (0,0,-,0), then go to Maneuver 5. 2 
Maneuver 5: Apply 
K 
until (m1,~,$,0,y) = (0,0,- 0 0); then go to Maneuver 6. 2" 
I 
I Maneuver 3, the control torques u and u2 are both applied to bring the spacecraft to rest. ~ u t  
. once the spacecraft is brought to rest, the subsequent maneuvers are such that only one of the 
control torques is nonzero in any interval of time. Thus 03 remains zero at all time beyond 
1.73 seconds, and ol and % vary so that only one is nonzero at any time interval beyond 
1.73 seconds. Three dimensional visualization schemes have been developed using a Silicon 
Graphics Iris work station in order to display the reorientation maneuvers of the spacecraft. 
I 7. Conclusion 
I The attitude stabilization problem of a spacecraft using control torques supplied by gas 
jet actuators about only two of its principal axes has been considered. If the uncontrolled prin- 
cipal axis is not an axis of symmetry of the spacecraft, the complete spacecraft dynamics can- 
I not be asymptotically stabilized to an equilibrium attitude using continuous feedback. A 
discontinuous feedback control strategy was constructed which stabilizes the spacecraft to an 
equilbrium attitude in finite time. If the uncontrolled principal axis is an axis of symmetry of 
the spacecraft, the complete spacecraft dynamics cannot be stabilized. The reduced spacecraft 
dynamics cannot be asymptotically stabilized using continuous 'feedback, but again a discon- 
tinuous feedback control strategy was constructed which stabilizes the spacecraft (in the - 
reduced sense) to an equilibrium attitude in finite time. The results of the paper show that 
although standard nonlinear control techniques do not apply, it is possible to construct a sta- 
bilizing control law by performing a sequence of maneuvers. 
One of the advantages of the development in this paper is that feedback control sua- 
tegies are constructed which guarantee attitude stabilization in a finite time. The total time 
required to complete the spacecraft reorientation is the sum of the times required to complete 
the sequence of maneuvers described. From the analysis provided, it should be clear that the 
time required to complete each maneuver depends on the single positive parameter k in the 
corresponding control law. There is a trade off between the required control levels, determined 
by the selection of k, and the resulting times to complete each of the maneuvers and hence 
the total time required to reorient the spacecraft. In particular, the time to reorient the space- 
craft from a given initial state to the origin can be expressed as a function of the value of the 
parameter k and of the initial state. 
For each of the two attitude stabilization problems considered, we have presented one 
example of a sequence of maneuvers which achieves the desired spacecraft attitude stabiliza- 
tion. There are many other maneuver sequences, and corresponding feedback control stra- 
tegies, which will. also achieve the desired attitude stabilization of the spacecraft. But each 
such strategy is necessarily discontinuous. 
p=CED\NG PAGE BLANK NOT FILMED p& - 2 0 -  
We have demonstrated the closed loop properties for the special feedback control spa- 
tegies presented. Our analysis was based on a number of assumptions which are required to 
justify the mathematical models studied. Further robustness analysis is required to determine 
effects of model uncertainities and external disturbances. Unfortunately, such robustness 
analysis is quite difficult since the closed loop vector fields are necessarily discontinuous. 
Perhaps, feedback control strategies which stabilize the spacecraft attitude, different from ones 
presented in this paper, would provide improved closed loop robusmess. 
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Abstract 
It is well known that three momentum wheel actuators can be used to control the attitude 
of a rigid spacecraft and that arbitrary reorientation maneuvers of the spacecraft can be 
accomplished using smooth feedback.. If failure of one of the momentum wheel actuators 
occurs, we demonstrate that two momentum wheel actuators can be used to control the atti- 
tude of a rigid spacecraft and that arbitrary reorientation maneuvers of the spacecraft can be 
accomplished Although the complete spacecraft equations are not controllable, the spacecraft 
equations are small time locally controllable in a reduced nonlinear sense. The reduced 
spacecraft dynamics cannot be asymptotically stabilized to any equilibrium attitude using a 
time-invariant continuous feedback control law, but discontinuous feedback control strategies 
are constructed which stabilize any equilibrium attitude of the spacecraft in finite time. Conse- 
quently, reorientation of the spacecraft can be accomplished using discontinuous feedback 
control. 
* Please send all correspondence to Professor N. Hams McClamroch, Deparunent of 
Aerospace Engineering, University of Michigan, Ann Arbor, MI 48109-2140. 
1. Introduction 
We consider the attitude control of a spacecraft modeled as a rigid body. It is well 
known that three actuators, either gas jets or momentum wheels, can be used to control the 
attitude of a rigid spacecraft and that arbitrary reorientation maneuvers of the spacecraft can 
be accomplished using smooth feedback1-'. If failure of one of the actuators occurs, then one 
is left with only two actuators. In this paper, the amtude stabilization problem of a rigid 
spacecraft using only two control torques supplied by momentum wheel actuators is con- 
sidered. Since we are considering a space-based system, the problem considered here, namely, 
the attitude stabilization of a spacecraft operating in an actuator failure mode, is an important 
control problem. It is assumed that the center of mass of the system consisting of the space- 
craft and the momentum wheel actuators is fixed in space. 
Attitude stabilization of a rigid spacecraft using two momentum wheel actuators is not a 
mature subject in the literature. Controllability results for a rigid spacecraft controlled by . 
momentum wheel actuators are presented in Ref. 8. We mention that most of the previous 
researchers have considered the problem of conuolling a rigid spacecraft using two gas jet - 
Attitude stabilization of a rigid spacecraft using two gas jet actuators is con- 
sidered in Refs. 8-13. Refs. 14-22 consider only the stabilization of the angular velocity 
equations of a rigid spacecraft using two gas jet actuators. 
We consider the attitude stabilization of a spacecraft using control torques supplied by 
two momentum wheel actuators about axes spanning a two dimensional plane orthogonal to a 
principal axis of the spacecraft. The linearization of the complete spacecraft dynamic equa- 
tions at any equilibrium attitude has an unconuollable eigenvalue at the origin. Consequently, 
controllability and stabilizability properties of the spacecraft cannot be inferred using classical 
linearization ideas. The complete spacecraft dynamics is, in fact, not controllable. Under a 
rather weak assumption, the spacecraft dynamics is small time locally controllabie at any 
equilibrium attitude in a reduced nonlinear sense. The reduced spacecraft dynamics cannot be 
asymptotically stabilized to any equilibrium attitude using time-invariant continuous feedback. 
Nevertheless, two different discontinuous feedback control strategies are constructed which 
achieves reorientation of the spacecraft in finite time. Using the concept of geometric phaseY, 
a discontinuous feedback control strategy is presented based on the nonholonomic control 
theory in Ref. 24. An alternate discontinuous feedback control strategy, based on the fact that 
rigid body rotations do not commute, is also presented. 
This paper is based on our ealier work presented in Ref. 10 and is a companion to Ref. 
11 and Ref. 12, which treat the attitude stabilization of a rigid spacecraft using two gas jet 
actuators. 
2. Kinematic and Dynamic Equations 
The orientation of a rigid spacecraft can be specified using various parametrizations of 
the special orthogonal group SO(3). Here we use the 2-Y-X Euler angle convention for 
parametrizing the orientation of the rigid spacecraft2'. The corresponding rotation ma& is 
denoted as R (v, 8, $), where yf, 8, $ are the Euler angles. We assume that the Euler angles 
are limited to the ranges -K < yf < K, -K/2 < 8 < 7d2, -K < $ < K. Suppose 631, %, O, are 
the principal axis components of the absolute angular velocity vector o of the spacecraft. 
Then we havez5 
Next we consider the dynamic equations which describe the evolution of the angular 
velocity components of the spacecraft. Consider two momentum wheel actuators spinning 
about axes defined by unit vectors bl, b2 fixed in the spacecraft such that the center of mass 
of the i-th wheel lies on the axis defined by bi, and a control torque - 4 is supplied to the 
i-th wheel about the axis defined by bi by a motor fixed in the s p a c d t .  Consequently, an 
equal and opposite torque 4 is exerted by the wheel on the spacecraft. We assume that bi 
defines a principal axis for the i-th wheel which is symmetric about bi. Further b and b2 
span a two dimensional plane which is orthogonal to a principal axis of the spacecraft and, 
without loss of generality, bi are assumed to be of the form 
The mass of s p a c d t ,  wheel 1 and wheel 2 are denoted as m l, m2 and mg respectively, 
and pl, p2, p3 denote the position .vectors of the center of mass of the spacecraft, wheel 1 and . 
wheel 2 respectively with respect to the center of mass of the whole system. Thus from the 
location of the wheels 
P2 = P I +  d lb l*  (2.5) 
where dl ,  d 2  are constants. Since, by the definition of center of mass, 
further manipulation of equations (2.5)-(2.7) gives expressions for pl, p2 and p3 'which we 
ca2 OIT, i = 1, 2, 3. The total angular momentum vector of the system is denote as pi = (ci 1, , 
given, in the spacecraft body ftame, by 
where 
I 
where I 12, and I3 denote .the inertia tensors of the spacecraft, wheel 1 and wheel 2 respec- 
tively, jl is the moment of inertia of wheel 1 about the axis defined by bl, j2 is the moment 
of 'inertia of wheel 2 about the axis defined by b2, and 81, 82 are the angles of rotation of 
wheel 1 and wheel 2 about the axes defined by b and b2 respectively. Here H denotes the 
angular momentum vector of the system expressed in the inertial coordinate frame. The angu- 
lar momentum vector H is a constant since there is no external moment about the center of 
mass of the system. Suppose El and ii2 are the control torques; then 
Differentiating (2.8) with respect to time we obtain 
J h =  S(a)R(v, 8, $)H + bliil + b2ii2, 
I where 
Note that 
I2 = block diag(l 21, 122), 
I = block diag(I I 32). 
1 
where Izl, 131 are invertible 2 x 2 matrices, I 11, I 12, I I=, 132 are nonzero real numbers 
and therefore J is a positive definite mamx of the form 
J = block diag (J1, J2), 
where J1 is an invertible 2 x 2 matrix and J2 is a nonzero real number. 
3. Controllability and Stabilizability Properties 
In this section we consider the controllability and stabilizablity properties of the space- 
craft dynamics controlled by two momentum wheel actuators. Define 
- - 
From Section 2 the complete spacecraft dynamics can be rewritten as 
where H is a constant vector. 
The linearization of the complete spacecraft dynamic equations (3.1)-(3.4) at any equili- 
brium attitude has an uncontrollable eigenvalue at the origin. Consequently, the controllability 
and stabilizability properties of the complete spacecraft dynamics cannot be inferred using 
classical linearization ideas. However, from equations (2.4). (2.1 1)-(2.13) and the definition 
we have cT v = 0. Therefore from equation (2.8) we have 
Since H is a constant vector, this equation represents a constraint on the motion of the space- 
. , 
craft irrespective of the controls applied. Thus the complete spacecraft dynamics is not com- 
pletely controllable. Therefore we ask the following question: what restricted control and sta- 
bilization properties of the spacecraft can be demonstrated in this case? Our analysis begins 
by demonstrating that, under an appropriate restriction of interest, the spacecraft equations 
have restricted controllability and stabilizability properties. 
Consider equations (3.1)-(3.4) and suppose the angular momentum vector H of the sys- 
tem is zero. From equations (2.16), (3.5) and (3.6) it follows that the angular velocity com- 
ponent of- the spacecraft about the uncontrolled principal axis is identically zero, i.e., a3 = 0. . 
Under such a restriction, the reduced spacecraft dynamics are described by 
Notice that the linearization of the equations (3.7)-(3.11) at any equilibrium has an uncontroll- 
able eigenvalue at the origin. Therefore analysis of the controllability and stabilizability pro- 
perties of the reduced spacecraft dynamics requires inherently nonlinear techniques. The fol- 
lowing results follow directly based on an analysis similar to that in Ref. 24. 
Theorem 3.1: The reduced dynamics of a spacecraft controlled by two momentum wheel 
actuators as described by equations (3.7)-(3.11) are small time locally controllable at any 
equilibrium. 
Theorem 3.2: The reduced dynamics of a spacecraft controlled by two momentum wheel 
actuators as described by equations (3;7)-(3.11) cannot be asymptotically stabilized to any 
equilibrium using a time-invariant continuous feedback control law, but the reduced dynamics 
can be asymptotically stabilized to any equilibrium using a piecewise continuous feedback 
control law. 
Theorem 3.1 follows from the fact that a sufficient condition for small time local control- 
lability given in Ref. 26 is satisfied by the equations (3.7)-(3.11). The first part of Theorem 
3.2 follows from the fact that a necessary condition for the existence of a time-invariant con- 
tinuous feedback control law given in Ref. 17 is not satisfied by equations (3.7)-(3.11); the 
second part is a consequence of small time local c~ntrol labi l i t~~~.  The implications of the 
properties stated above are as follows. Suppose the angular momentum vector H is zero. 
Then the spacecraft controlled by two momentum wheel actuators can be controlled to any 
equilibrium attitude but the feedback control law must necessarily be discontinuous. Thus 
arbitrary reorientation of the spacecraft can be achieved under the restriction H = 0; If H 1: 0, 
equation (3.6) implies that reorientation of the spacecraft to an equilibrium attitude cannot be 
achieved. 
4. Feedback Stabilization Algorithms 
We restrict our study to the class of discontinuous feedback controllers in order to asymptoti- 
cally stabilize the reduced spacecraft dynamics described by state equations (3.7)-(3.11). 
Clearly, traditional nonlinear control design methods are of no use since there is no general 
procedure for the design of a discontinuous feedback control. However, an algorithm generat- 
ing a discontinuous feedback control which asymptotically stabilizes an equilibrium can be 
constructed, as suggested by the controllability properties of the system. Without loss of gen- 
erality, we assume that the equilibrium to be stabilized is the origin. We present two different 
discontinuous control strategies which stabilize the origin of equations (3.7)-(3.11) in finite 
time. 
. . 4.1. Feedback stabilization based on nonholonomic control theory 
Consider a diffeomorphism defined by 
If we now define the feedback relations 
r 
then the reduced spacecraft dynamics (3.7)-(3.11) are described in the new variables by the 
normal form equations 
(4.7) " Y1 =y2* 
~2 = V1, (4.8) . 
Y3 =y4, (4.9) 
y 4  = v2, (4.10) 
From equations (4.1)-(4.5). notice that ol = q = $ = 8 = w = 0 implies that yl  .= y2 = y3  = 
y4 = y 5  = 0. Hence asymptotic stabilization of equations (3.7)-(3.11) to the origin is 
equivalent to asymptotic stabilization of the normal form equations (4.7)-(4.11) to the origin; 
hence we consider asymptotic stabilization of the normal form equations. The normal form 
equations (4.7)-(4.11) are in a familiar form which has been studied in Ref. 24 and therefore 
can be stabilized by the following discontinuous control strategy. 
First, transfer the initial state of the normal form equations (4.7)-(4.11) to the equilibrium 
state (0, 0, 0, 0, y:), for some y:, in finite time. 
Next, traverse a closed path y in the 6 1, y3) space in finite time, where the path Y is 
I 
selected to satisfy 
-Y: = I , Y I ~ Y ~ ;  
this transfers the state (0, 0, 0, 0, y: ) to the origin in finite time- 
Here we consider a rectangular path y ill the y3) space formed line segments from 
(0. 0) to cv; .0). from cv; 9 0) to (v;.y;). fiom @;.y;) to (0.~;). and (0 .~ ; )  to 
(0.0). For such a path, the line integral in equation (4.12) can be explicitly evaluated as Y X 
so that equation (4.12) bt~omes 
and the parameters y; and y; specifying the particular rectangular path are chosen to satisfy 
the above equation. 
Throughout, a2sume k > 0, and define 
x21 x2I 
2k = O  and x 2 c  0)  
O if (xl = O  and x2=0)  
We use the well-known property that any initial state of the system 
is transferred to the final skte (Tl, 0) in a finite time. 
We now present a specific feedback control algorithm which stabilizes the spacecraft to 
the origin in finite time; this feedback control algorithm implements the approach just 
described. 
Maneuver 1: Apply 
v ,= -Gcv1 .~2) ,  
v 2 = -  G @ 3 . ~ 4 ) ,  
until (Y y2, y3, y4, yI) = (0.0. 0. 0. y: ) where Y: is a r b i ~ ;  hen go to hhneuver 2. 
* = d a ;  else choose y ; = y 3 Maneuver 2: If y: 2 0, choose y ; = - yj = mi Apply 
una Y2, ~ 3 ,  ~ 4 ,  yS) = (J ; ,  0,0, 0, Y: 1; then go to Maneuver 3. 
Maneuver 3: Apply 
Maneuver 4: Apply 
until (y y2. y3, ~ 4 ,  y5) = (0.0, Y; .O, 0); then go to Man~uver 5. 
Maneuver 5: Apply 
until (y y2, y3, y4, yS) = (0, 0, 0, 0, 0); then go to Maneuver 2. 
It can be verified that the execution of Maneuver 1 transfers the initial state of the nor- 
mal form equations to the equilibrium state (0, 0, 0, 0, y: ), for some y:, in finite time; Sub- 
sequent execution of Maneuvers 2 through 5 then transfers the state (0, 0, 0, 0, y{ ) to the ori- 
gin in finite time. This control algorithm is nonclassical and involves switching between vari- 
ous feedback functions. Justification that it stabilizes the origin of the normal form equations 
(4.7)-(4.11) in finite time follows as a consequence of the construction procedure. Since stabil- 
ization of the normal form equations to the origin is equivalent to stabilization of the state 
equations (3.7)-(3.11) to the origin, we conclude that the control inputs u l  and u2 given by 
equation (4.6) with v l  and v2 defined by the above control algorithm stabilizes the reduced 
spacecraft dynamics described by equations (3.7)-(3.11) to the equilibrium (al, 02, $, 6, v) = - 
(0, 0,0,0, 0) in finite time. A computer implementation of the feedback control strategy can 
be easily carried out. 
4.2. Feedback stabilization based on rigid body rotational characteristics 
We now present an alternate discontinuous feedback control strategy for stabilizing the 
origin of equations (3.7)-(3.11) in finite time. This strategy requires that the spacecraft 
undergo a sequence of specified maneuvers and is based on the fact that rigid body rotations 
do not commute. The physical interpretation of the sequence of maneuvers that transfers any 
initial state of equation (3.7)-(3.11) to the origin is as follows. 
Transfer the initial state of equations (3.7)-(3.11) to any equilibrium state in finite time; 
i.e. bring the spacecraft to rest. 
Transfer the rgsulting state to an equilibrium state where Q = 0 in finite time; i.e. so that 
the spacecraft is at rest with @ = 0. 
Transfer the resulting state to an equilibrium state where @ = 0, 8 = 0 in finite time; i.e. 
so that the spacecraft is at rest with @ = 0, 8 = 0. 
X Transfer the resulting state to an equilibrium state where Q = - 8 = 0 in finite time; i.e. 
2 '  
K 
so that the spacecraft is at rest with Q = - 8 = 0. 
. . 2 '  
X Transfer the resulting state to the equilibrium state (0, 0, -, 0, 0) in finite time. 
. . 2 
K Transfer the equilibrium state (0, 0, - 0, 0) to the equilibrium state (0, 0, 0, 0, 0) in 2 '  
finite time. 
We now present a feedback conaol algorithm which stabilizes the spacecraft to the origin in 
finite time; this feedback control algorithm implements the approach just described. 
Maneuver 1. Apply 
u = - k signal , 
u2 = - ksignq , 
until (al,  03 = (0,O); then go to Maneuver 2. 
Maneuver 2: Apply 
u ,  = - G(+, a,), 
until (al ,  q, $) = (0, 0, 0); then go to Maneuver 3. 
Manuever 3: Apply 
u 1 = 0 ,  
u2 = - G(8, a2) ,
until (al,  %, @, 8) = (0, 0, 0, 0); then go to Maneuver 4. 
Maneuver 4: Apply 
R 
until (al,  q, $, 8) = (0, 0, -, 0), then go to Maneuver 5. 2 
Maneuver 5: Apply 
X 
until (al ,  02, $,, 8, y) = (0, 0, -, 0, 0); then go to Maneuver 6. 
2 
Maneuver 6: Apply 
until (ol, q, @, 8, y) = (0, 0, 0, 0, 0, 0); then go to Maneuver 1. 
It can be verified that the execution of Maneuver 1 transfers the initial state of equations 
(3.7)-(3.11) to the equilibrium state (0, 0, $'. el, yl), for some $', 8', y', in finite time. Exe- 
cution of Manuever 2 then transfers the state (0, 0, +', 8'. y l )  to the state (0, 0, 0, €I1, yl); 
execution of Manuever 3 then transfers the state (0,O. 0, 8', y l )  to the state (0, 0,0,O, yl); 
K 
execution of Manuever 4 then transfers the state (0, 0-0, 0, yl) to the state (0,O. 7, 0, yl); 
n x 
execution of Manuever 5 then transfers the state (0, 0, -, 0, yl) to the state (0, 0, -, 0, 0); 2 2 
n finally, execution of Manuever 6 transfers the state (O,O, -, 0,O) to the state (0, 0, 0, 0, 0). 2 
This strategy is discontinuous and nonclassical in nature. A computer implementation of the 
feedback control strategy can be easily carried out. 
4.3 Comments 
We have introduced two different control laws which transfer any initial state of equa- 
tions (3.7)-(3.11) to the origin in finite time. Each of these control laws is in feedback form, 
since the control values depend on the current state; and each control law is discontinuous. 
The first construction pmced.ure makes use of,the nonholonomic features of the reduced 
spacecraft dynamics, while the second construction procedure uses physical insight about rigid 
body rotations. Thk first control law constructed makes use of both control actuators sirnul- 
taneously, while the second control law (after Maneuver 1) uses only a single actuator at a 
time. The two discontinuous feedback control laws exhibited are illustrations of the class of 
control laws which asymptotically stabilize equations (3.7)-(3.11) to the origin. There are 
other maneuver sequences, and corresponding feedback control laws, which will also achieve 
the desired attitude stabilization of the spacecraft. But each such strategy is necessarily 
discontinuous. 
One of 'the advantages of the development in Sections 4.1 and 4.2 is that feedback con- 
trol strategies are constructed which guarantee attitude stabilization in a finite time. The total 
time required to complete the spacecraft reorientation is the sum of the times required to com- 
plete the sequence of maneuvers described. It should be clear that the time required to com- 
plete each maneuver depends on the single positive parameter k in the corresponding control 
law. There is a trade off between the required control levels, determined by the selection of k ,  
and the resulting times to complete each of the maneuvers and hence the total time required to 
reorient the spacecraft. In particular, the time to reorient the spacecraft from a given initial 
state to the origin can be expressed as a function of the value of the parameter k and of the 
.initial state. 
We have demonstrated, by construction, the closed loop properties for the special feed- 
back control strategies presented. Our analysis was based on an ideal model assumption. 
Further robustness analysis is required to determine effects of model uncertainities and exter- 
nal disturbances. Unfortunately, such robusmess analysis is quite difficult since the closed . 
loop vector fields are necessarily discontinuous. Perhaps, feedback conml strategies which 
stabilize the spacecraft attitude, different from ones presented in this paper, would provide 
impro&d closed loop robusmess. These issues are to be studied in future research. 
5. Simulation 
We illustrate the results of the paper using an example. Consider a rigid spacecraft with 
no control torque about the third principal axis and two control torques, generated by momen- 
tum wheel actuators, are applied about the other two principal axes. Therefore the vectors b l  
and b2 are given by b  = (1, 0, 0)'. b2 = (0, 1, o ) ~ .  For our simulation, we use the space- 
craft parameters used in Ref. 2. The mass of the spacecraft, m is 500 Kg, and the masses of 
the momentum wheels, m2 and m j, are each 5 Kg. The center of mass of the momentum 
wheels are located at a distance 0.2 m from the center of mass of- the spacecraft, i.e., d l  = d z  
= 0.2 m. The moment of inertia of the wheels about its axis .of rotation is 0.5 ~ ~ . m ~ ,  i.e., 
jl = jZ = 0.5. The inertia tensor of the spacecraft and the two momentum wheels are 
I 1  = diag (86.215, 85.07, 113.565) ~ ~ . m ~  , 
-I2 = diag (0.5, 0.25, 0.25) ~ ~ . m ~  , 
I = diag (0.25, 0.5, 0.25) Q.m2 . 
Using these parameters, the inertia mamx J can be calculated which equals 
approximately. The complete dynamics of the spacecraft system defined by equations (3.1)- 
(3.4) is not controllable, but we consider the restriction that the angular momentum vector 
H = 0. Consequently, we are interested in stabilizing the reduced spacecraft dynamics 
described by equations (3.7)-(3.11) to the equilibrium (a l ,  02, $, 8, yf) = (0, 0, 0, 0, 0). 
The spacecraft is initially at rest (i.e., op = 02 = 0) with an initial orientation given by the 
Euler angles $O = K, 8' = 0.256 and yo = - 0 .5~ .  
First, a computer implementation of the feedback control algorithm specified in Section 
4.1 was used to stabilize the spacecraft to the origin. The value of the gain k was chosen as 
1. The time responses of the Euler angles, angular velocities and the control torques are 
shown in Fig. 1, Fig. 2 and Fig. 3 respectively. After a total maneuver time of 11.77 seconds, 
ol = % = @ = 8 = y = 0. Next, a computer implementation of the feedback control algo- 
rithm specified in Section 4.2 was used to stabilize the spacecraft to the origin. The value of 
the gain k was chosen as 1. The time responses of the Euler. angles, angular velocities and 
the control torques are shown in Fig. 4, Fig. 5 and Fig. 6 respectively. After a total maneuver 
time of 13 seconds, ol = = @ = 8 = y = 0. 
6. Conclusion 
The attitude stabilization problem of a spacecraft using control torques supplied by two 
momentum wheel actuators about axes spanning a two dimensional plane orthogonal to a p h -  
cipal axis has been considered. The complete spacecraft dynamics are not controllable. How- 
ever, the spacecraft dynamics are small time locally controllable in a reduced sense. The 
reduced spacecraft dynamics cannot be asymptotically stabilized using time-invariant continu- 
ous feedback, but discontinuous feedback control strategies have been constructed which sta- 
bilizes the spacecraft (in the reduced sense) to an equilibrium attitude in finite time. The 
results of the paper show that although classical nonlinear control techniques do not apply, it 
is possible to construct control laws based on the particular spacecraft dynamics. 
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Abstract 
An attitude control strategy for maneuvers of an interconnection of planar bodies in 
space is developed. It is assumed that there are no exogeneous torques and that torques 
generated by joint motors are uscd as means of control so that the total angular momen- 
tum of the multibody system is a constant, assumed to be zero in this paper. The control 
strategy utilizes the nonintegrability of the expression for the angular momentum. Large 
angle maneuvers can be designed to achieve an arbitrary reorientation of the multibody 
system with respect to an inertial frame. The theoretical background for carrying out 
the required maneuvers is summarized. 
1. Introduction 
In this paper we develop an attitude control strategy for a system of N planar 
rigid bodies in space which are interconnected by ideal frictionless pin joints in 
the form of an open kinematic chain. Angular momentum preserving controls, e.g. 
torques generated by joint motors, are considered. The N-body system is assumed 
to have zero initial angular momentum. Our earlier demonstrated that re- 
orientation of a planar multibody system with three or more interconnected bodies 
using only joint torque inputs is an inherently nonlinear control problem which is 
not amenable to classical methods of nonlinear control. The goal of this study 
is to indicate how control strategies can be explicitly constructed to achieve the 
desired absolute reorientation of the N-body system. The key is to excite certain 
oscillatory motions in the shape of the structure, thereby providing a capability 
for reorientation of the structure with respect to an inertial frame. 
There are many physical advantages in using internal controls, e.g. joint torque 
controls, to carry out the desired multibody reorientation maneuvers. First of all, 
this control approach does not modify the total angular momentum of the multi- 
body system. In addition, internal controls have obvious advantages in terms of 
energy conservation. Moreover, they can be implemented using standard electrical 
servo motors, a simple and reliable control actuator technology. 
The formal development in this paper is concerned with control of a multibody 
interconnection in space which has zero angular momentum. Although these re- 
sults are formulated in a general setting, we have been motivated by several classes 
of specific problems. Several potential applications of our general results are now 
described. 
Manipulators mounted on space vehicles and space robots have been envisioned 
to carry out construction, maintenance and repair tasks in an external space en- 
vironment. Previous research on maneuvering of such space multibody systems 
has mainly focused on maneuvers which achieve desired orientation of some of the 
bodies, e.g. an end effector, while the orientation of some of the remaining bodies 
cannot be specified, a t  least using the methodologies employed3-8. Another related 
application is the performance by astronauts of reorientation maneuvers in space. 
Previous research in this areas has emphasized dynamics issues. Closely related 
research has focused on describing the reorientation maneuvers of a falling cat1'. 
Finally, we mention another area of potential application of the results of this 
paper, namely the development of deployment maneuvers for multibody antennas 
connected to  a spacecraft. It is expected that such an approach would have many. 
advantages over the use of existing passive antenna deployment mechanisms". 
This paper is organized as follows. In Section 2, a mathematical model for a 
planar multibody system in space is derived. We then formulate an attitude control 
problem associated with the planar multibody system. In Section 3, we first sum- 
marize several relevant theoretical results. We then introduce an attitude control 
strategy to solve this reorientation problem. Section 4 consists of a summary of the 
main results and concluding remarks about our continuing research. Although a 
complete treatment of the topics in the paper requires use of differential geometric 
tools, our presentation avoids these tools and uses only elementary mathematical 
methods. However, references to relevant literature are provided throughout. 
2. Mathematical Model for Planar Multibody System 
We consider a system of N planar rigid bodies interconnected by frictionless 
one degree of freedom joints in the form of an open kinematic chain. The configu- 
ration space, for an observer at the center of mass of the system of rigid bodies, is 
N dimensional. Since we assume an open kinematic chain there are exactly N - 1 
joints. We consider controlling the rotational 'motion of the system using torques 
at the joints; each joint is assumed to be actuated so as to permit free adjusment 
of the joint angle. It is assumed that there are no external torques acting on the 
system. It is clear that the configuration of the N bodies can be described by the 
absolute angle of any one of the bodies (say body 1) and N - 1 joint angles. Denote 
by 0, the absolute angle of body 1, and by the (N - 1)-vector T+!J = $N-l) 
the joint angle vector. Clearly, (01, $) is a generalized coordinate vector for the 
rotational motion. It can be shown that the Lagrangian (which is equal to the 
rotational kinetic energy under the above assumptions), written in terms of these 
coordinates and their time derivatives, does not contain O1 explicitly, i.e. O1 is a 
cyclic or ignorable coordinate. Consequently, the generalized momentum associ- 
ated with the cyclic coordinate O1 is conserved. This conserved quantity is the first 
integral of the motion corresponding to conservation of angular momentum of the 
system. In this paper we assume zero initial angular momentum so that angular 
momentum remains zero throughout a maneuver. 
It is clear that Lagrange's equations describe the motion on the joint angle 
space, and the evolution of O1 can be obtained from the expression for conservation 
of angular momentum. Thus, the motion of a planar multibody system, under the 
above assumptions, can be described by the following reduced order equations 
where T = (rl,  a - . ,  T ~ - ~ )  denotes the (N - 1)-vector of joint torques, Js($) is a 
symmetric positive definite ( N  - 1) x ( N  - 1) matrix function; and s($), F,($, $) 
are (N - 1)-vector functions. Note that in this paper a "prime" denotes tranpose. 
The explicit specifications of these functions can be found in the l i t e r a t~ r e ' ?~"~ .  
State space equations for (1) and (2) are 
Note that equations (4),(5) are expressed in terms of the joint phase variables 
($, 16) only. Hence the joint angle space constitutes a reduced configuration space 
for the system. This reduced configuration space is also referred to as the "shape 
space" of the  stern'^-'^. It is possible to consider control problems expressed 
solely in terms of the shape space; such problems can be solved using classical 
methods. However, in our work we are interested in the more general control 
problems associated with the complete dynamics of the multibody system defined 
by equations (1)-(2) (or (3)-(5)). 
Note that equations (4)1(5) only, which represent the projection of the motion 
onto the shape phase space, are feedback linearizable using the feedback transfor- 
mation 
where u E R ~ - ' .  The above feedback transformation yields the following normal 
form equations 
We remark here that it is impossible to completely linearize the system defined by 
equations (3)-(5) using static or dynamic feedback combined with any coordinate 
tralisformation. 
Note that an equilibrium solution of equations (3)-(5) corresponding to T = 0 
(or equivalently an equilibrium solution of equations (7)-(9) for u = 0) is given by 
(O:, $", 0), where (6;) $") is referred to as an equilibrium configuration. Hence 
an equilibrium solution corresponds to a trivial motion of the system for which all 
the configuration space variables remain constant. 
Note also that equation (3) represents conservation of angular momentum. This 
equation is not integrable .for N 2 3 (i.e. if the multibody system consists of three 
or more links). This fact has important implications in terms of controllability 
properties of the system as will be shown in the subsequent development. As a 
consequence of the symmetry possessed by the system, O1 does not appear explicitly 
in equation (3). Mechanical systems with such symmetry properties are referred 
to as Caplygin ~ ~ s t e m s l ~ - ~ ~ .  As a consequence of the nonintegrability for N 2 3, 
the scalar analytic functions 
where I = (1, .  . . , N - 11, do not all vanish, except possibly on a set which has 
measure zero with respect to the shape space. 
3. Attitude Control Problem 
In this section, we address the following control problem associated with planar 
multibody. systems described by equations (1)-(2) : 
Problem : Given an initial state (0:,$O,w0) and a desired equilibn'um so- 
lution (O;,+e,O), determine a motion (Ol(t), $(t),w(t)), 0 5 t < ts, such 
that (@*(O), +(O>,w(O>) = (@:, +O,wO), (@l(t f ) ,  $ ( t f ) , ~ ( t ~ ) )  = (Ole, $Je, 0) and 
(Ol(t), $( t ) ,  w(t)) satisfies equations (1)-(2) for some control function t w ~ ( t ) .  
Note that,  in particular, if w0 = 0 then.the above problem corresponds to a 
rest- to-res t maneuver. 
The existence of solutions to the above control problem was demonstrated in 
our earlier In particular, we studied the nonlinear control sys tem described 
by equations (7)-(9) and employed certain results from nonlinear control theory 
to characterize controllability properties of planar multibody systems described 
by equations (1)-(2). These results not only prove the existence of solutions of 
the above problem but they also provide a theoretical basis for construction of 
nonlinear control strategies required to achieve the desired maneuver. We next 
summarize those  result^',^. 
Under the stated assumptions, a planar multibody system has the following 
properties if N 2 3, i.e. if it consists of three or more links: 
1. The system is strongly accessible. 
2. The system is small ti,me locally controllable from any equilibrium. 
3. The system can be transferred from any initial condition to any desired 
equilibrium in arbitrarily small time. 
If N = 1 or N = 2 ,  then the system is not even accessible, not small time 
locally controllable and there exist initial conditions which cannot be transferred to 
a desired equilibrium. 
The proofs'"g of the first two results depend on showing that certain Lie alge- 
braic conditions are satisfied if N > 3. The third result is provedl~'g constructively. 
It should be emphasized that the subsequent development is assumed to be 
carried out for multibody systems consisting of three or more links (N 2 3) Note 
that the reorientation or attitude control problem generally has many solutions. 
In this paper, we describe one solution approach, outline the theory behind it, and 
present some data from simulations. The key observation is that there is nonlinear 
coupling between changes in the shape of the structure and the rotational motion 
of the structure as a whole; this coupling is used to achieve reorientation of the 
structure. 
Consider equation (3). Assume that joint angles are controlled in such a way 
-that $ ( t ) ,  0 5 t l  5 t < t Z ,  describes a closed path y in the shape space. Integrating 
both sides of equation (3)  from t = t1 to t = t 2  and using the fact that d$ = $dt, 
we obtain 
Thus by proper selection of a path y in shape space, any desired geometric phase 
(which is a rotation of link 1) can be obtained. By the nonintegrability property 
mentioned previously, the above integral is in fact path dependent thereby guar- 
anteeing the existence of (many) such paths. 
Note that in differential geometry the quantity 
is referred to as the geometric phase (or holonomy) of the closed path y. This 
quantity depends only on the geometry of the closed path and is independent of 
the speed a t  which the path is traversed. 
Note that Stokes' formula can be applied to obtain an equivalent formula for 
o(y)  as a surface integral. For simplicity, assume that N = 3, i.e. the shape space 
is the plane. Also, let y be traversed counterclockwise. Then by Stokes' 
theorem the above formula can be written as 
where S is the surface within the boundary y. In the case that the path is traversed 
clockwise, the surface integral is equal to -cr(y). 
More information concerning geometric phases can be found in the literature1'. 
Geometric phase ideas have proved useful in a variety of inherently nonlinear con- 
trol problems1g-21. These ideas have also been used for a class of path planning 
problems based solely on kinematic  relation^'^^'^-'^. 
We now describe a control strategy, using the above geometric phase relation 
( l l ) ,  which solves the reorientation problem. 
Let (Of, +e, 0) denote the desired equilibrium solution. We refer to (Of, qe) and 
+" as the desired equilibrium configuration and the desired equilibrium shape, re- 
spectively. We describe four steps involved in'construction of an open loop control 
function u ~ o , ~ , )  = (ul,  . . . , u ~ - ~ ) '  which transfers any -initial state (O:, d o ,  wO) to 
(0:, +", 0) in time exactly ts, where ts > 0 is arbitrary. 
Let 0 < tl < t2 < t3 < tf denote an arbitrary partition of the time interval. 
[O, i f ) .  
Step 1 : Transfer the system to the desired equilibrium shape, i.e. find a control 
which transfers the initial state (87, $O., wO) to ( O : ,  lGe, 0) at time tl, for some 8:. 
Since the dynamics on the shape phase space are so simple, namely decoupled 
double integrators, Step 1 has many solutions which are easily obtained using 
classical methods. One such control function is 
-? cos(f) t E [0, 0.5tl) 
u [ ~ , t ~ )  = 8n(+e-+0-w0tl(0.5-a-1)) 
t : sin(-) t E [0.5t1, t l )  . 
Next, we select a closed path y (or a series of closed paths - see Remark 1 below) 
in the shape space which achieves the desired geometric phase. There are many 
ways to accomplish such a construction; in our work we have found it convenient 
to use only two joint motions, keeping the other joints locked, and to use a square 
path in the restricted two dimensional shape space. It is convenient to select the 
center of the square path in a region of the shape space which corresponds to a 
"large" geometric phase change (see Remark 2 below). 
To make the above ideas more concrete, we present a specific construction. Let 
(i, j) E 12, i # j, denote a pair of joints. Assume that for t >_ tl only this pair of 
joints are actuated while all the other joints are kept fixed. This is equivalent to 
locking all the joints except the ones labelled i and j and treating the N bodies as 
three interconnected bodies, for t 2 tl. In this case the desired geometric phase 
formula can be written as 
where +(-) corresponds to counterclockwise (clockwise) traversal of the closed path 
y. Since we desire to make Ol(t f )  = BE, the closed path y should be selected to 
satisfy 
The path y lies in the two dimensional (+;, +j) plane, so that 
where the scalar functions ii($;, $j) and iij($;, $~j) are obtained by evaluating si($) 
and sj($) at $k = $;, Vk E I where k # i, j .  
As mentioned above we choose y to be a square path in the (&, +j) plane which 
is centered a t  the shape defined by $* and which has side of length z*, where z* 
satisfies 
Here y, indicates the dependence of the square path on the size parameter z. In 
most cases, this equation is easily solved using standard numerical procedures. 
Remark 1 : Note that here, for notational simplicity in presenting the main idea, 
we assume that the desired geometric phase can be obtained by a single closed 
path. In general, more than one closed path may be required to produce the 
desired geometric phase; for such cases y can be viewed as a concatenation of a 
series of closed paths. In any event, the motion along such a closed path defines a 
periodic motion corresponding to a change in the shape of the structure. 
Remark 2 : Selection of the center point +* of the path is rather arbitrary, e.g. 
one selection is $* = $'. However, other choices may provide a greater change 
in the geometric phase for a given size path. In this regard, the use of Stoke's 
theorem, as indicated previously, suggests that +* should be chosen where 
is a maximum. 
We now describe the remaining three steps as follows. 
Step 2 : Transfer the system from state (O;, $e, 0) to a state corresponding to the 
corner of 7 closest to $e, along an arbitrary path in  the shape space, in t2  - t l  
units of time. 
As an example, if p; is the corner of y closest to $e we propose the following 
control function for Step 2. 
Step 3 : Traverse the selected square path (counterclockwise or clockwise, depend- 
ing on the sign of the desired geometric phase value), in  t3 - t2 units of time; the 
resulting change in the angle 61 is necessarily 0; - 6;. 
Without loss of generality, we assume that the desired geometric phase value 
is obtained by counterclockwise traversal of the closed path starting and ending at 
p;. Then, the following control functions guarantee traversal of the closed path, 
thereby accomplishing Step 3. 
2*(p; - pj) sin(2*(t - t 2  - 2 h ) )  
U[t2+2h,t2+3h) = h2 h , 
where h = ( t3  - t 2 ) / 4 .  
Step 4 : Transfer the system back to the desired equilibrium shape $' foliowing the 
path used i n  Step 2, in t f  - t g  units of time; thereby guaranteeing that the desired 
final state (O,", $', 0) is reached at time t f  . 
The following control function 
accomplishes Step 4. 
The corresponding control torque r can be computed using equation (6). It is 
clear that the constructed control torque transfers the initial condition of the sys- 
tem (1)-(2) to the desired equilibrium configuration a t  time tf. It is important to 
emphasize that the above construction is based on a priori selection of a square as 
the closed path in the shape space. Selection of square paths simplifies computa- 
tion of the controls; however other path selections, e.g. corresponding to sinusoidal 
changes in the shape of the structure, could be made. There are infinitely many 
choices for control functions which accomplish the above four steps, and the total 
time required is arbitrary. 
4. Conclusions 
In this paper we have developed an attitude control strategy for planar rigid 
bodies interconnected by ideal pin joints in the form of an open kinematic chain. 
The control strategy utilizes the nonintegrability of the expression for angular mo- 
mentum. We have demonstrated that large angle maneuvers can be designed to 
achieve an arbitrary reorientation of the multibody system with respect to an iner- 
tial frame; the maneuvers are performed using internal controls, e.g. servo torque 
motors located a t  the joints of the body segments. The theoretical background 
for carrying out the required maneuvers has been briefly summarized. We men- 
tion two nontrivial extensions of the approach in this paper which are currently 
being developed. The first extension is to non-planar reorientation maneuvers of 
multibody systems consisting of rigid and flexible links; in this case the dynamics 
issues are much more complicated but in principle the approach is viable22. An- 
other extension is the development of feedback implementations of the controls 
presented in this paper; some results have been obtained19 using a (necessarily) 
discontinuous feedback strategy. These important extensions generally require the 
use of differential geometric methods for a complete treatment. 
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wheel acnrmn. the system is not comllable or even accessible at O ~ Y  one control torque applied about an axis which is a principal 
any equilibrium (71. H a .  all the results in the literamre on the axis of the S m r &  then V p t o p c  stabilization is not possible 
of a spaacraft with -1 torqua assume that [2J. However, there exist smooth C feedback control laws which 
the corn1 torques are generated by gas jet actuators. In what fol- makc the origin stable in the scnse of Lyapunov [Z]. A point to 
lows in this d m .  it is assumed that tbe control torques m gen- notice is that the d t i n g  closed loop system is robust if the 
erated by gas ju actuators unless stated otherwise. moment of inertia about the control axis is either the maximum or 
minimum principal moment of inertia Othuwise. the control law is 
In [6]. it is shown that a rigid spaoecnft conuolled by two nonrobust. pain of gas jet actuators cannot be asymptotically stabilized to an 
equilibrium using a continwusly diffefcnhbk. i.e. c' ,  feedback 
control law. However a smooth C feedback control law is 2. Kinematic and Dynamic Equations 
derived which locally asymptotically staShm the spacecraft to a 
circular amactor. rather than an iMlntrA equilibrium. Using local 
controllability results. an algorithm which IocaUy asympotically 
s t a b i i i  the system to an iodroed equilibrium is proposed in [7]. 
The algorithm is cxucmcly complicated and is based on Lie alge- 
braic methods as prropo3ed in [8]. Ibe algorithm yields a piecewise 
constant dbcmhmw carnot Althounh velv complicated, the 
algorithm is tbe onl one proposed in & litekm h c h  locally 
asymptotically stabdm lh system to an cquiIibrim. 
In this paper. we focus on two important control problems 
which have m t  ken consided else-: 
the aaiarde mbihUon of m uially symmevic spacecraft 
axis of symmety. 
the attitude s ~ b W d o n  of a spaacraft using control torqua 
supplied by two momtotum whsel muaton about axes span- 
ning a two dimwraional place orrtrogaad to a primpal axis. 
The focw of this pPpr is on the devebpment of 8 conuol str;ucgY 
for aaitudc ~ o n ,  in (I m a i d  a. of tk above men- 
t i o a e d y  systems. Ibe d ruub in [7] M 161 are m 
appli e to these spacecRA systems stace tk canpletc dynamic 
Kinematic E q u a t i o ~  
The orientation of a rigid space& can be spcified using vari- 
ous pammeuhdons of SO(3). Here we use tbe following Euler 
angle convention Consider an inertial X $ g 3  coordinate frame; 
let ~ 1 x 2 ~ 3  be a coordinate fnune aligned with the principal a e s  of 
the spacecraft with origin at & ccntcr of maps of the spacecraft 
If the two frames arc initially c o i n d c a  a series of three rotations 
about the body axes, performed in the sequence. is suffident 
to allow the spacecraft to reach any o n e o n  The thm rotat~ons 
an: 
a positive,ro,ta@on of frame XtXaX3 by angle y about.the X 3  
axis; let xlxs3 denote the resulting coordjnatc frame; 
a positive,roMon of frame x j j ;  by tngle 0 about the x i  
axis; let x lx2x3 denote the rwulting me; 
a positive rotation of hame x;x;x; by angle 4 about the x; 
axis; let X I X ~ ~  deoote the Baal ~~~rd inn te  ~~IIK. 
A rotation maaix R dates componmtr of a veaor in the ineni? . 
frame to components of the same vector in rhe body frame; In 
terms of the Euiu angles a cotation maaix is 
c y c e  s y c e  
- syrc9 + cys@S+ c y c *  + sys8J0 c C @  (2.1) 
S W S ~  + c v s ~ ~  - c w 4  + s y s ~ c ~  ec*- C - 7 - .  . 
when c y = cos(y). s ry = Mv). We rssume that the Euler 
I angles are limited to tk l8Uga 4 < y < % < 8 < a. 
-n < 4 < n. Suppose cot, %, cp, ue tbe prirrdpPl axis c o r n p o w  
of the absolute angular velodty vcaor a, of the spacecraft. Then I 
expnssions for a t .  R, ole givm by 
. . 
o 1 = g - v s i n e ,  (2.2) 
I y = Bco* + i cose  sin* . (2.3) 
% = - kin* + Ycos0 CO* . (2.4) 
I 
By excluding the case where 0 = t W2. these equations are invem- 
ble. Thus we can solve for 4. 0. y in terms of ol, y, y obtain- 
ing 
4, = ol + *sin$ tan0 + tan0 . (2.5) 
I B = w o s + - y s ~ .  (2.6) 
I $ = ysin* sec0 + q c o @  se& . (2.7) 
Next we consider the dynamic equations which describe the 
evolution of the angular velocity components of the spacecraft. 
Dynamic Equations: Gas Jet Actuators I 
Let J = diag(JlJ2Ji) be the inertia matrix of the spacecraft in 
l a coordinate frame defined by its principal axes. Let H be the 
angular momentum vector of the spacecraft relative to the menial I 
frame. Then we have 
I 
J o = R (y.O.$)H . (2.8) 
Differentiating (2.8) we get 
J i = s ( o ) ~  (v.B.$)H + R (y,e.$)lj . (2.9) 
whee 
(2.10) 
We assume that the control torques uDl and u ' ~  are applied about 
the axes represented by unit vectors b l  and b2 respectively. This 
implies that 
R ( y . ~ . $ ) ~  = bluDl + b 2 d 2  . (2.11) 
Funher the vectors b l  and b2 are assumed to span a two dimen- 
sional plane orthogonal to a principal axis of the spacecraft. 
Without loss of generality, bi art to be of the forin 
(bi ,, bg2, o ) ~ .  Thus the quafions describiq the evolution of the 
angular velocity of the spacecraft are given by 
J I O l  = (J2 - J3)02% + bltu'l + bllu'2 , (2.12) 
J2& = (J3 - J 1 ) ~ u 1  + b1flDl + bpuD2.  (2.13) 
J3& = (J1 - J301y. (2.14) 
Dynamic Equations: Momentum Whed Actuators 
Consider a rigid spaceaPtt with two momentum wheel actua- 
tors spinning about pxts de5ned by unit veaon  bl, b2 fixed in the 
spacecraft such that the cema of mass of the i 41 wheel lies on the 
axis defined by bi, pnd a contnri t o m  - u ' ~  is supplied to the 1- 
th wheel about tbe sxir d e w  by bi by a motor Axed i4 the 
spacecratt Consequently. an apd and opposite toque u i is 
e x e d  by tbe wheel on the spacecraft We refer to the spacecraft 
and the two wheels as body 1. body 2 and body 3 respectively. Let 
Ci denote a coordinate frame aligned with the principal axes at the 
center of mass of body i .  We assume that bi defines a principal 
axis for the i -th wheel which is symmeaic about bi. Further b 1 
md b2 span a two dimensional plane which is orthogonal to a p h -  
cipal axis of the spacecraft Withou~. loss of generality bi are 
assumed to be of the form (bil, biz, 0) . 
Let Ii denote the inertia tensor of body i in the coordinate 
frame C The mass of body i is denoted as mi and p/ denotes the 
position vector, e x p d  in the C I fnune. of the center of mass of 
body i with respect to the center of mass of the whole system. Let 
o denote the absolute angular velocity of the spacecraft expressed 
in the spacecraft body frame. By the definition of the center of 
mass. we have 
intip/ = 0 . 
i-1 
and from the location of the wheels 
p i  =p: + (d l .d2 .~)T  . (2.16) 
p] =p: + ( d 3 , & . 0 ) ~  , (2.17) 
when (dld2,0)' and (d3d4.~)T arc position vectors of the center 
of mass of body 2 and body 3 respectively, relative to the frame 
C1. Funher manipulation of equations (2.15)-(2.17) gives 
- 
where m = m l+m2+m3. We denote p! as p f = (cil. C,Z, The 
Iota1 angular momentum veaor of the system is given, in h e  
spacecraft body !kame, by 
R (y,0,$)H = Ju + v . 
where 
3 3 
J = [ I l +  x< + x( I i  -/J)]* (2.22) 
- 1  i-2 
(2.23) 
v =(v1. v2,0)' = & ( o + b 1 6 1 ) + ~ ( ~ + b 2 ~ ,  (2.24) 
h=blb: j l ,  l ~ = b & ~ .  (2.25) - 
11 = diW(111~112.11,). (2.26) 
1 2  = block diag(lll, In) 1, = block diag(l31. 132). (2.27) 
when 121. are invertible 2 x 2 maaioes. I l l ,  1111 113, la,  I j 2  
are nonzero real numbus. jl is the moment of incma of body 2 
about the axis d e w  by b,. j2 is moment of inenia of body 3 
about the axis defined by b2. and el. 82 art the angles of rotation 
of the wheels about the axes defined by b l  and bl respectively. 
Here H denotes the angular momentum vector of the system 
expressed in the inertial coordinate frame. The angular momentum 
vector H is a constant since there is no external moment about the 
center of mass of the system. Suppose u ' ~  and u'2 are the control 
toques; then 
i =-  (b1u '1 + b2u '9 . (2.28) 
Differentiating (2.21) we obtain 
J ~ I  = ~(o)R(y.e,$)H + blu'l + b2u; * (2.29) 
J 
where H is a constant vector. Note that I I  + I;& represents the 
i-1 
moment of inertia of the system with the momennrm wheels 
replaced by point masses and is hena positive dehnite. The 
matrices Ii - 4 ,  i = 2. 3 art positive semidefinite and block diago- 
nal. Therefore J is a positive definite matrix and hence invenible. 
In fact J is of the form 
J = block diag (J1, J3 . (2.30) 
when Jl is an invertible 2 x 2 matrix and J2 is a nonzero real 
number. 
3. Controllability and Stabilhbility Properties of Complete 
Spacecraft Dynamics with Two Control Torques 
As background for our suRFequcnt development. we present 
controllability and stabilizability pmpcrtits for the complete 
dynamics of the spacecraft systans desaibed in the vious sec- 
tiorr The case for gas jet actuators is &own to d e p c s  Icandy - 
on UIC m d t i o n  II t It. ~ u c  for momuUum whscf?ctuaton 
is straightf~rward 
Resulta for Gas Jet Actuators . ' 
We BRt consider fbC apiom dqaibing tbe motion of a 
qmcamfl amadled by two paua of gu.)a ~ u o ~ m .  Deb 
. 
From Section 2 tk state aWd0~8 can be rrwritfm as 
b1 = a I w + u ~ .  (3.1) 
&=a24)l(q+uzt (3.2) 
& a3UlQ * (3.3) 
d, = ul + tan0 + (qm tan0 . (3.4) 
i = ~ @ - a , ~ @ .  (3.5) 
v = a @ l + s e c O + ~ ~ ~ ,  (3.6) 
w h e ~  
J2 - J3 
a l . =  - J 3 - I l  ,a2=- J l  - Jt  . a s =  -. 
J 1 J2 J3 
This~of tbefomr 
i = ~ ( X ) + B I U I  +g2ntI  (3.7) 
where x = (ol. y . (q~ ,0 ,y )~  and f . g I, g2 are vector fields 
d e w  appropriately. Let M damte the opm set 
M = ( x  : oie  R . i 3 1.23.+, VQ (-u , %), & (4.5% ,051~)) .
It is easily verified that the lba&8i011 of tbe equadons about an 
equilibrium has an unconoollable eigarvalue at the origin. This 
implies that an inhermtly n o w  d y f b - i a  in OW 
to charaauize the controllability and SWlmbility properties of 
the system. 
We pnsau important rtsults on the comllability and stab& 
izabiity properties.-of the campkc s p X c d t  dynamics described 
by (3.1H3.6). 
Theorem 3.1: The complete spacecraft dynamics described by state 
equations (3.1X3.6) cm: m g l y  &bk VxeM U and only if 
I ,  # J2, i.e. the uncontro11cd principal axis is not an axis of sym- 
metry. 
Proof: If J l  tJ2. the vector fields gl, gz. IslJ1. [g2J1. 
Ig2.k IJ 11' [[gzek IJ 11 J 1 a six dim~191onal space at every 
x eM . Thus the strong accessibiity Lie algebraic rank condition is 
satisfied and hence the complete spaceaaft dyniunics art suongly 
accessible. If JI = J2 the complete spac#rott d-cs fails to k 
accessible since (q is necessarily comtaa 
Theorem 32: The complete spacecraft dynamics described by state 
equations (3.1H3.6) are small time Locally controllable at any 
equilibrium if and only if JI  t J2. 
Proof: Suppose JI # J2. Then tbc canplete spacecraft dynamics 
art mngly accesible. Following Swiman [Ill. let BrCx) W t e  
the smallest Lie algebra of vector field8 cantrining f , g , g2. Let 
B be my - i n ~ ~ . * w d p ~ a c ~ ~  6 l ) .  r the 
number of ~ d t b s w c e ~ t ~ f ,  g t g z ~ v e l y  in 
the bRdtaB. 'ZbedrgeadB ~ e q u ~ t o t b e v r l u e o f  zai(B). 
. m c ~ u s 8 p a n c u a d i 9 1 O t l f o r ~ t l w ~ c o r m ~ ' ~ a t  
equilibriumis m P a u a d ~ d b f w k u t k ~ w i t h ~  
odd. and 8'. $" evea must k a awbiordon of bmkeu of 
lower degxee at tbat equilibrium. Fmn tbe proof of 'Ibeorem 3.1 it 
is clear that any bracLa of dcgm paler tbrP four can be 
expressed as alineararmbhuticmof bwwordawta at any 
equiliirium. Moreover the d q m  of a bd brrdt# must 
sarily be odd. Tbe bad kackcr of degree oae is f which vanishea 
at any equilibrium. 'lbe bad -0 of three arc 
y tao vamrr k 1 1 1 J 1 1  k s k 2 J l l  ad i s  
fields. Tbut the complete rpr#cnit dynunia am r m d  time 
l ~ ~ a l l y  If JI = J2. tbe canpl&e rpr#cnit d y n r m i ~  
f a i L I t o b e ~ M e a t & l y ~ M u m ; b a w i t a n n o t b e a n ~  
time locally contrallrble at any equilibrium. 
Theorem 33: Thc complete sprcecrPft dynamics desaibed by state 
equations (3.1X3.6) c a ~ o t  be locally rpymptodcally stabilized to 
an equilibrium by any C' static Or d-c State feedback conml 
law. 
The above tb#urm w u  WCd in [6] by a* to 
-*s thtom. m a  pe M a of qmm 6.1)~ 
(3.6) cannot k asympoPrdy to an equilibrium via C 
feed- oae may still stillwish to dcsi1~1 a smooth control law which 
stabilizes at Lsst a pdculaf subset Of state variables. Consider the 
state equation# for cut. aoz. %. + and 0 given by (3.1H3.5). These 
equations art not affected by Euler angle variable y. Asymp 
totic s t a b i i  of this subset of the original ations 
co-nda to mbillu6m of the mtion of the spaxcxabout  
an aaractor. which is not an isolated equilibrium. lie following 
theorem from [61 shows that the closed loop trajectories can be 
asymptotically s tabW to the madold 
a = ((~~~,cq.y.+.e,v) : cul = cq = <q = 4 = 0 = 01 , (3.8) 
using smooth c feedback. 




W- A ~ ,  A% B ~ .  B~ are gain pa~a-rs which sdsfy A1A2=O 
and 
locally aoymptotically stabilka the rigid spacecraft to the one 
dim- mauifold n deflncd by (3.8). 
We amnion that although the canph s p a a d t  dynamics 
described by (3.1)-(3.6) CrmW be r r p a p o d d y  a- 
i d  to an =by CI m aipfitim gematin6 a 
piewise coarrtrm discondmwrus c u m 1  la developed in [7] wtuch 
locally asympoaicrlly mbihu the aunph OPBOeQIft dynamics 
t o a n q i l i b d m  T b e ~ t h m ~ t h r t J I ~ J z , i . c t h e  
unconmWprindpalaxi8murtootbemuirof8ymmttry.The 
algorithm b based on Lie algchic mabob u pmposcd in [81. 
The algorithm ia cxauaely atmpllcred and is mt m easily im le- 
m-e cam,  -gy. HO-, of the com Pete 
spacccdt dynamic equalions (3.1H3.6) ia an hhemrly dif&ult 
problan and the aIgorith in (71 b the only cantrol strategy p m  
posedintbeLitenturtthusfar. 
Resulta fbr Momentum Wheel Actuator8 
Now let us consider tbe case of a rigid spacecraft controlled by 
two momentum wheel aauaton. D e b  [:i =Jil[:ll 12 "3 bn [::I . 
From Section 2 tk state cquarim an be mvrittcn as 
r 1 
where H b a coastant veaor. In I7] it b sbown that tk complete 
dynamia of a qmxaaft arnnalled by two momentum whtei 
a c t m m  as deraibed by equalions (3.10X3.13) arc not conuoll- 
able of even &xasible a my cquUMm. As a comqmcc of 
this ncgadve nrulS tbe complcre sprcccnft dynamics cannot be 
asymptotiany anWlized using rwo mommMn wmeel w,tuatoro 
4. Controllnbillty and Stabbbl l i ty  Rapeftlcs of Restricted 
SprcecnR Dpamica with Two Coatrol Torqucs 
From tbe PnalyJir made in tbc plwiow seaion we And that 
the complete dynamics of a spacecraft system cowlled by two 
control t o q u a  su by gas ja aauaton aa described by equa- 
tions (3.1)-(3.6) l'+=“ ail to be conaollable or even accessible if the 
m m l l e d  principal axis is an axis of symmetry of the spaa- 
cr&, i.e. if J1 = J2. Due to the lack of controllability. the stabiliz- 
ing control algorithm proposed in (71 b not applicable to this case. 
Momver. the umtrol law @lcll by Tbeom 3.4 which asymptoli- 
tally the spmxcdt to a one dimamion81 manifold will 
not work in this ate since aoaditloo (3.9) is violated. Also. the 
complete dynamia of a 8Wem wmilled by two 
momenarm wheel aUWOn dC8abd by equations (3.10)-(3.13) 
fail to be comollabk or evm aaxdbk Note thPf in this case it is 
not that the umntmlled -pal axis be an axis of 
symmetry of the spacccrafL In this section we concentrate on 
these i m p o m  wts. In pardcular we ask the quedon: what res- 
tricted control and stabiliaion prcperrles of the spacecnfi can be 
demonscrated in the cases considerrd? Our analysis begins by 
demonswring that, under appmpriate restrictions of interest, the 
spacecraft can be expressed in terns of normal form 
equations. Restricted comllability and stabilizabity properties for 
each case follow as a consequence of previous work. 
Normal Form Equations 
We first consider the equations (3.1X3.6) describing. the 
motion of a spacraft conmlled by inplt torques supplied by two 
pairs of gas ja rtcnrators about axes spanning a two dimensional 
plane orthogonal to a principal axis of the spacecraft It is assumed 
that the unconIrolled principal axis is an axis of symmetry of the 
spaceaaft From equations (3.1X3.6) 8nd J1 = J2 we have 
h ~ = a ~ c q c q + u t .  (4.1) 
4 = 4 2 ( ~ ~ c q + u 2 ,  (4.2) 
& = O ,  (4.3) 
& = ( ~ ~ + ~ ~ t a n e + c q ~ t a n e .  (4.4) 
0 = ~ - ~ s ~ ,  (4.5) 
y = ~ W s e c ~ + c q c o s 4 s e C e .  (4.6) 
If we assume that the initial angular velocity component of the 
spacecraft about the axis of symmetry is zero. i.e. y(0)  = 0. then 
y m 0. Under such a nseiction. the ~striaed spacecraft dynamics 
for this case are described by 
c b l = u l ,  (4.7) 
& = ~ 2 r  (4.8) 
6 =ol +a)zsi@ me. (4.9) 
i=m. (4.10) 
v = y ~ w ~ e .  (4.1 1) 
We next comider the equations (3.10)43.13) describing the 
motion of a spacecraft controlled by input toques supplied by two 
momentum wheel actuators about axes spanning a two dimensional 
plane onhogonal to a principal axis. Suppose the angular momen- 
tum vector H of the system is zero. From equations (2.21). (2.24) 
and (2.30) it follows that the angular v c h t y  component of the 
spacecraft about the unconmlled principal axis is identically zero, 
i.e. y = 0. The Fesvicted spacecraft dynamics for this case are 
described by 
h l = ~ l .  (4.12) 
& = ~ 2 .  (4.13) 
6 ) = 0 ) ~ + ~ . r s ~ t a n e ,  (4.14) 
i = y c ~ ~ . + ,  (4.15) 
y = y s i ~  se~e . (4.16) 
The equations describing the motion of the spacecraft, under 
the restrictions specified. reduce to an identical set of equations in 
both the cases considered. we say that equations (4.7)-(4.11) (or 
(4.12)44.16)) describe restricted spacecraft dynamics since. in each 
case. assumptions have been made which a priori guarantee that the 
component of the spacecraft angular velocity % = 0. According to 
equation (2.4). the condition that y = 0 implies that 
+ (COS~CO@MY = 0 ; (4.17) 
"7 a nonhtegrable constraint on the spacecraft motion The ore the dynamic equations in each case defilre a nonholo- 
nomic control system of the form studied in [49]. 
Now consider a diffcomorphism defined by 
-, 
y l = ~ ~ ~ c e + t a n e ) + ~ ,  (4.18) 
Y Z ' @ - Y J S *  (4.19) 
Y 3 = * *  . (4.20) * 
y 4 = u 1  +q&n#tan0. (4.21) 
The state equations (4.7)44.11) (or (4.12144.16)) in the new vari- 
aMes an given by 
Y I  = Y 2  9 (4.23) 
j2 = -y JU, + (SCC~ - y 5 s ~ t a n ~ ) u 2  - Y 14 1 + c o ~ s e c e t a n e 4  
-yg4tan@ -Y-1 9 (4.24) 
~ 3 ~ ~ 4 .  (4.25) 
j4 = u 1 + ~ h 4 t a n e ~ 2  + coW4- + s-4) , (4.26) 
Y S = Y J I .  (4.27) 
If we now d e k  the feedback relations 
- I -Y 5 I + ~ o ~ s e c e t a n w - ~  rv4tan0y-r5sin$sec2ey2) ~ w 4 t a n w 3 = % 2 )  
form equations 
I1  . 
then the nsvicted spacecraft dynamics art described by normal 
31 = Y 2  9 (4.29) 
~ 2 ~ ~ 1 1  (4.30) 
~3 ' ~ 4  * (4.31) 
y4=V2 , (4.32) 
Y5 = y o 1  (4.33) 
Note that the origin of equalions (4.W4.11) (or (4.12H4.16)) 
cornponds to the origin of the normal form equations (4.29)- 
(4.33). 
The above normal form equations thus rep- the spacecraft - 
c o w l  system for each of the cases coaPidued in the restricted 
sense; namely, for the gas jet actuator case @(O) = 0 is a priori 
assumed. and for the momcattun wheel actuafor case the angular 
momentum vector of the system H is a priori assumed to be zero. 
The following results stated for each of the s p a c e d  systems, are 
based on the normal form equations above and follow directly from 
general d t s  in [4]. 
Results for Gas Jet Actuators 
As indicated previously, the complete dynamics of an axially 
syrnmeaic s p a c d  (JI = J3 controlled by two pairs of gas jet 
actuators as described by equations (4.1X4.6) is not svongly 
accessible, it is not mall time locally comollable. afld it cannot by 
asymptotically stalrililitPlt to an +brim by a C feedback con- 
trol law. On the other hand, if we a priori add the restriction that 
%(0) = 0 then the d r i n g  &ad spaacraA dynamics are 
described by equations (4.7)-(4.11). and heme by the normal form 
equations (4.29)-(4.33). We now Wicooe that this restricted control 
systun satisfies a m i n  c o m U t y  and aabilizability properties. 
Theoran 4.1: The rrstricted dynamics of an axially symmevic 
spacecraft conztulled by two pairs of gas ja actuators as described 
by equations (4.7)-(4.11) are strongly acce9pible. 
Theorem 4 2 :  Iht rcsaiaed d y d a  of an axially symmetric 
spacecraft wnaolled by two pairs of gas jet acPlatonr as described 
by equations (4.7144.1 1) are small time locally controllable at any 
equilibrium. 
Theorem 4 3 :  The rcsaiaed dynamics of an axially symmetric 
spacecraft aMtFolled by two pair8 of gas jer actuators as described 
by equad- (4.7)-(4.11) canaoC be asymptahlly stabilized to an 
equilibrium using a C feedback co rn1  law. 
Theorem 4.4: The lrsvicted dynamics of an axially symmetric 
spacecraft comlled by two pain of gas ja actuators as described 
by aquations (4.7X4.11) can be asymptotically stabilited to the - 
one dimensional equilibrium manifold 
i2 = ((col.%&,9,~) : = a - 4 = 9 = 0) . (4.34) 
using a snooth feedback control law givm by (4.28) with v l  and 
v 1  Oiw by 
v l = -  k l l ~ l - k l ~ l  * (4.33 
vl=-kw4-k@3 * (4.36) 
where kll, kl+ kale k n  0 a Y I . Y ~ Y ~ D  4 d e w  by 
(4.18)-(4.22). 
The implladolu of tbs p o p r d a  sued above arc 8s follows. 
For all initial condidom that SU~SQ *(O) = 0. the axiaUy sym- 
metric spaau;rft anUdld by two psirs of gas jet actuaton a9 
descrikd by cquatians (4.1X4.6) can be cunmUed to any isolated 
@brim. nowever. any feedback conrrol.kw that asympoticafl~ 
staliba the SPBCCCT(LLt to an 11 equilibrium must necessarily 
be narsnoodL lbu arbltrPy norieneotlon of the spacecraft can be 
achieved if *(O) = O; if cq(O) t 0. mrientntiosl of the spacecraft 
cannwbeachkval. 
R d t r  for Momentum Wheel Actuators 
From Section 3, the complete dynamics of a spacecraft con- 
tmllcd by two m o m e m  wheel immtors ar described by equa- 
tions (3.10H3.13) is not conmllablc or even accessible at any 
equilibrium. On the other h a d ,  if we a @on add the restriction 
that the angular momentum veaor H = 0 then the ltsulting rrs- 
trictcd -raft dynamia pn described by equations (4.12)- 
(4.16). and hence by the mnnal lbnn equado~ (4.29144.331. We 
now indicate that tbu restricted c~nfml systa~l satisfies altain con- 
t r o l l a b i l i t y a n d s r p b i l i z p b i l i t y ~ ~  
Thorem 4 5 :  The mfricttd dynamics of a spacecraft conmlled by 
two momentum wh#l a c t w m  8s described by apations (4.12)- 
(4.16) are strongly accc36ible. 
Thorem 4.6: The mtrkted dynamics of a spacecraft controlled by 
two momentum arheel aauators as desaibcd by uations (4.12)- 
(4.16) -dl tk l d y  cCW!OUlbls at my $! lb r i~ f l l .  
Theorem 4.7: The resUicted dynamics of a spacecraft conmlled by 
two momauum wheel aauaton pr -bed by ations (4.12)- 
C l feedback c o r n 1  law. 
'3" (4.16) carma be rtympaDtically statdhd to an equ' ibrium using a 
Theorem 4.8: The d c t e d  dynemia of a spacecraft controlled by 
two momauum wheel actuotora as dcsaibed by equations (4.12)- 
(4.16) can be asympotidy stabiliztd to the one dimensional 
equilibrium manifold 
n = ((CO,.%R.~.V) : (DI = a = o = 0 = 0) . (4.31) 
using a smooth feedback conaol law given by (4.28) with vl and 
v t  given by 
V l =  - kltyz- k191 . (4.38) 
V a  = - ~ ~ L Y I  '~ Z Z Y ~  * (4.39) 
where k11. kl+ kz~. 0 a d  Y I ~ Y ~ ~ Y , * Y J  d e w  by (4.18X4.22). 
The implicatim of the properdea stated above are as follows. 
Suppose tbe angular momenaun veaw H is m. Then the space 
c r a l t c o ~ 1 ~ l l a l b y t w o m o m c n n r m a r h & l ~ a s d e o a i k d  
~WOIU (3.10H3.13) ~ l .  be C bMd 4- 
brium. Homu, my I#Qbrck aratrol kar thp t s y m ~ d y  ru- 
b i i d u s p r e e a r f t t o m i r a L t e d ~ M u m m u o t ~ y b e  
thrrPbimyrwrientrdonofthespace- 
craftcanbe d a t h e n a r i c d o n H  =O;ifH +OmriQ 
taticm of the spaced! cumot be rMered 
3. Feedb8ck SUbQtrtloa Al tbm for Restricted 
Spaceadt Dpmuia wtth !it!, Control Torques 
We must restrict our sady to the clrtr of aoa-smooth feedback 
a non-smooth 
the mrmal form qydona 
From equation (4.33) we 6nd'that if the spacecraft motion 
d e U  a closed path7 ~q the (Ylg3 rprt 
~ n = h y i d ~ j  * (5.1) 
when Ays is the lift in the vuiable y5. Thia is the hobnumy or 
g-aIf pkuc. Thie ho1-y an be used to control the system 
to the origin using a two step mun; the procedure is subse- 
quently impltmtnted as (mnsnooth) fcedbad~ 
IA ( co :&~~~,~~ ,P)  darote an initial state for the restricted 
spaacmft dynamics ducrikd b ~ ~ ~ W n s  (4.fi4.1 g (8r q.12)- 
(4.16)). Thir comspondr to me (YI ~l 3 3  ~4 y5 ).,for 
h normal form equations (4.29H4.33). 
Step I :  Transfer the inidal state O ~ J  O yfy! y f )  of the normal 
form apatiw to the state (0.~0,0.y]). for some yi, in finite 
time. 
Step 2: Tmvasc a dosed path Y in the (Y1,yd space in finite time 
where the path y is sckctcd to produa the desired holonomy 
-Y: =IyYldy3 - (5.2) 
Note thn the execution of step 1 is classical. Execution of step 
2 nquinr explicit cluramriudon of a closed path y which pro- 
ducea the desired ho10~my. In A there may be infinitely CAY many closed pntbs wfiich are data for step 2 Hen we con- 
sider a mcmguhr path in du (Y1,1!,3 s~ f o ~ e d  by line seg- 
mmo h n  (08) 0)  OD8@). from Cy18)to 0;,1!3), fiom CY;.Y~) 
to (09;). rab from (093) to (08)- The dednd holmmy given by 
cquafioa (52) now becala 
-Y]  =y>; * (5.3) 
Feedb8ckConcra l~thm 
S p  o: ~ S r l p o *  ctmose y ; = - y ; = m .  else chmre 
Y1 'Y3 = ( 7 5 ) .  
step 1: Scr 
r 
until (Y lya,y = (Y ; .o.o,O); ttm go to stcp 2. 
Step 2: Set r 
1 Y4lY4l - Y + (Y33d * (y; ,0) 
until (Y1yly 3yd ' (Y; .oy; .O); - 80 to step 3. 
step 3: set 
0 2 4 '-. 0 10 12 
Time is seconds 
C ~ I , Y Z ~ ~ , Y ~  = (0.03;.0); tbm p bm 4. Since the nariaed dynamics for a $ssnn mntmlled by two * - mamennrm wheel rcruton rbout two 0 ita principal axa  have the 





~ ~ 1 ~ 2 1  
tntcthiacroe. 
-'Wl+ 7); ( y l j 3  t(0.0) 7. Conclusion 
0 ;  (r1U3 = (0.0) The attitude s t a b i t i o n  proMan of a spacecraft using only 
two control inpuu has been considered. Particular emphasis has 
~ 4 1 ~ 4 1  been given to rhe develop!~~au of a control svategy for two impor- 
-sigdy,+-); 2 638 3 * (0.0) tant problem which have not k t n  considered el sew he^: the aeti- ude srabWon of an axially symmetric spacecraft using conml 
0 ;  63,Yd = (0.0) torques $upplied by jet ~cruatoff &out axes spanning a two 
dimauional plane onf&onal to the axis of symmetry; h e  attitude 
until (y l y 2 y  ,a 3 = (0.0.0.0); thm go to step 0. s t a b i o n  of a spaceaaft using conuol toques supplied by 
m o m  wheel actuators about axes spamlng a two dimensional 
The natunl way to lniriolite the 'gorithm is u, plane o w g o n a l  to a principal axis. The complete dynamics of [he be@ with step me cantrol do not depend On spacecraft system f a  to be ~0ntrOUable or even accessible about 
v a l w  ofy;  a d  y3 in 'lbir -I slgorimm is+"'nc1as- my m b r i u m .  un+r some we& it hq,,pp+ 
sical snd involver cyclic switchbg between various f d b a d c  func- shown that the meted spacecrpA dynam~c equations in b o ~ h  
t i o a  Jdacarion that me consmraed arnnol *gorih globally - reduce u, an identical set of m o l l s  which rep-"1s a 
a s ~ m ~ a *  rtPbUlw ori@ the normal equations no&lamnic coNR,l s)'s~cx~. A feedback control strategy based 
(4.29x4.33) follow1 PP a of coNU'UCfiOn Pro- on holonomy has presented which achieves arbitrary mrien- 
cedure. S i  stabilization of tbe normal form equations to the Mi- 
is equivalent to st&lh&on of the stPte equations (4.7)-(4.11) tation of the spemft. 
or (4.12H4.16)) to ita origin. we conclude that the control inpuu P References 
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algorithm esympodcany stnbillzes the Rstricted spacecraft dynam- [l] D. k y e k  'SuWzabon of a dPr, of nonlincer stems by n smoorh 
ics described by equations (4.m4.11) (or (4.12H4.16)) to Ihe fccdbrlr caatrol'. Sy- and Conool ~ c a ~ , % o .  5, pp. 289-294. 
equilibrium ( o ~ ~ . ~ . $ . B . y )  = (0.0.0.0.0). 1984. [2J D.hya$.*S " ' by smooth feedbock of h e  an ulnr nloci 
6. Simulatbn of a rqpd bod=- rd CoM Larrr No. f .  w 592 1985. 
We il- d m  of * ~ r m i o u  sections using an [j] D. ~ e ~ k  * c ~ ~  on the -vfity of  he angular veloci 
example. We consider an axially symmetric rigid spacecraft in h e  of a n@ W y m .  Sy- ~ooool -, NO. 10. 35-3x 
form of a cylindu. It is assumed that then is no convol toque 1988. 
about the axia of s y m m q  and two control toques. generated by [4] A hi. Blach. M. Reyhawglu and N. H. McClanuoch, "Conml and gas jet actuators. are apphed about the other principal axes. s t a b i l h b  d W h o m i E  dynamic sysau'. Submiusd f a  pubti- 
complete dynamia of the system cannot be asyrnptoo- catioa 
cally s t a b W ,  but we consider the &aion that q(0)  = 0. Con- 
. [51 W. BmcLnS -Asymm stability e f- slabilization', 
sequently, we are intuested in 89ymptotically stabilizing the res- Diffaential ConcmlThmry,EbtaxRW.BloclretLR.S. 
victcd spacecraft dynamics described by equations (4.7H4.11) to uilhm. H.?- BirWmuscl. pp. 181-191.1983. 
the equilibrium (olby,$.~.y) = (0.0.0.0.0). The spacecraf? is ini- [6] C. I. Bymes and A LWxi, 'On the attitude stabilization of rigid 
tially at rest (i.e. o, = y = 0) with an initial orientation given by spacecraft', Automatics. VoL 27. No. 1. pp. 87-95. 1991. 
the Evler $d = x. 0' =OUx W g = 4.51~. The [171 p. -* .c+@ -qol & AP l i a .  - 
s t y  of, , system corm@& to an initial state lions of pommc captrol bcuy u, rwd body modeb', IEEE ? ran- bI ,y2 ,y3 y, ,ys ) = (- 0.881.0.~0.-0.5x) for the normal form saaionr on Awomee Control. V d  AC-29, No. 4. pp. 321-331. 
equations (4.29H4.33). A computer implementation of the feed- April. 1984. 
back control algorithm specified in Section 5 was used to asymp (81 H. H- =on d a stabilizing f d k k  ~ n m l  vi8 
totically s tabi i  the equilibrium. The algorithm yas in;ltialized at Lie a1 ebrak methods , SIAM Journal on Convd and OptimLation. 
styp 4. At the d of step 4, y / = y 2 = y 3 = y 4 = 0  and VoL 11. No. 4. pp. 352-361.1980. 
y = - 1.1 18. The desired holonomy is ploduced by lraveaing a [9] M. Reyhanoglu and N. H..McClaeh,  :Reariatation mancuven of 
square path in the Cyly3) space with y = y ;  = 1.057. The time planar mul-y syswns m spaa usuig u r d  conwls". Submlued 
responses of the Euler angle variables 4. 0 and y are shown in for plblicauon 
figure 1. Thnx dimensional visualization schemes have been [10]E. D. Sontag and H. J. Sussman. 'Fur(her comments on the stabiliza- 
developed using a Silicon Graphics Iris work station in order to bility of the angular velocity of a rigid body", Spwns and Control 
display the reorientation maneuver of the spacecraft Leuus. No. 12, pp. 213-217. 1988. 




'th*t.' --. . 
.-' 
.----.-.---...-- 
-0.5 . \ : / I  
-1 - 
1992 conference on Decision and Control, Tucson, Arizona. 
A m E  STABULZATION OF A RIGID SPACECRAFT USYG N 9 3 - 2 9 9 9 2 
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Abstract 
We consider the attitude stabilkadon of a rigid spacecraft using 
control t~rques supplied by gas jet actuators about only y o  of its princi- 
pal axes. Ftm. the case where the unpntroU.4 p m p a l  axis of the 
s p a d  is not an axis of symmetry ur considered. In this case, the 
complete s p d  dynamics an small time locally contrullable. How- 
ever, the qmcex& canrot be asymptotically stabilized to an equilibrium 
artitude using time-invariant continwus feedback. A discontinuous stabil- 
izing feedback control T g y  is coastructed which stabilizes the space- 
craft to an equilibrium amtude. Next, the casc where the unconaolled 
principal axis of the spacecraft k an axis of symmetry is considered. In 
this case, the complete spacerraft dynamica are not even accessible. How- 
ever, the spacecraft dynamics an strongly accessible and small time 
locally controllable in a nduced sense. The reduced spacecraft dynamics 
cannoi be asymptotically stabilized to .an equilibrium &tude us&g time- 
invariant mntinuous feedback. but anam a discontinuous stabilizing feed- 
back wntrol strategy is c o n s a u d  In both cases. the discon~nuous 
feedback connollers an constructed by switching between one of several 
feedback functions. 
1. Introduction 
We consider the attitude stabilization of a rigid spacecraft 
using control torques supplied by gas jet actuators about only two 
of its principal axes. A ngid spacecraft in general is conuolled by 
three independent actuators about its principal axes. The situation 
considexed here may arise due to the failure of one of the actua- 
tors. The linearization of -the complete spacecraft dynamic equa- 
tions at any equilibrium attitude has an uncontrollable eigenvalue 
at the oripn. Consequently, controllability and stabilizability pro- 
perties of the spacecraft cannot be infend using classical lineari- 
zation ideas and requires inherently nonlinear analysis. Momver. a 
lineat feedback conml law cannot be used to asymptotically stabil- 
ize the spacecraft to an equilibrium attirude. An analysis of the 
controllability properties of a spacecraft with two independent con- 
trol torques is made in [7]. In [7] it is shown that a necessary and 
sufficient condition for complete controllability of a spacecraft with 
control torques supplied by gas jet actuators about only two of its 
principal axes is that the uncontrolled principal axis must not be an 
axis of symmetry of the spacecraft. In [a, it is shown that a rigid 
spacecraft controlled by two pairs of gas jet actuators about its 
principal axes cannot be asymptotically stabilized to an equilibrium 
attitude using a time-invariant continuously differentiable, i.e.. c'. 
feedback control law. Momver. using some of the theoretical 
results in [9] and (121, it also follows that there does not exist any 
time-invariant continuous feedback control law which asymptoti- 
cally stabilizes the spacecraft to an equilibrium attitude. However 
a smooth C' feedback control law is daived in [6] which locally 
asymptotically s t ab i l i i  the spaceaaft to a circular attractor, rather 
than an isolated equilibrium. 
We first consider the case where the uncontrolled principal 
axis of the spacecraft is not an axis of symmetry. In this case. the 
complete spacecraft dynamics are small time locally controllable at. 
any equilibrium attitude. However, as staled earlier, the spacecraft 
cannot be asymptotically stabilized to any equilibrium attitude 
using a time-invariant continuous feedback control law. Using 
local' conmilability results, an algorithm which locally asymptoti- 
cally stabilim the spacecraA to an isolated equilibrium is ploposed 
in v]. That algorithm is examcly complicated and is based on 
Lie algebraic methods in [a]. The algorithm yields a piecewise 
constant discontinuous w n m t  Although very complicated, the 
algorithm is the on1 one proposed in the literawe thus far which 
1oca~y uwtotidY stahlircr ihc lpnenn attitude to an equili- 
brium. In this papa a new discontinuous stabilizing feedback con- 
m l  m g y  is constructed which stabilizes the s p a c d  to an 
equilibrium attirude. The w n m l  strategy is simple and is based on 
physical considerations of the problem. 
Tbb w a k  wm pmWly ruppDMd by NSP QN NO. 
1419. 
We next consider the case where the unconwlled 
axis of the spacecraft is an axis of syrnmetxy. In this 
complete spacecraft dynamics are not even accessible. Under some 
rather weak assumptions. the spacecraft dynamic equations are 
suongly accessible and small time locally controllable at any 
equilibrium attitude in a reduced sense. The reduced spacecraft 
dynamics cannot be asymptotically stabilized to an equilibrium atti- 
tude using time-invariant continuous feedback. Nevenhelcss, a 
discontinuous feedback control strategy is constructed which 
achieves attitude stabilization of the spacecraft 
2. Kinematic and Dynamic Equations 
The orientation of a rigid spacecraft can be specified using 
various pararneaizations of the special orthogonal group SO(3). 
Here we use the following Euler angle convention. Consider an 
inertial X1 X2 X 3  coordinate frame; let x l  x2 x3 be a coordinate 
frame aligned with the principal axes of the spacecraft with origin 
at the center of mass of the spacecraft. If the two frames are ini- 
tially coincident. a series of three rotations about the body axes, 
performed in the proper sequence. is sufficient to allow the space- 
craft to reach any orientation. The three rotations are [14]: 
a positive rotation qf w,e X1 X2 X3 by an angle v about 
the X axis; let x x2 x 3  denote the resulting coordinate 
frame; 
, # 
a positive rota$oq,of ,frame x x2 x3 by an angle 8 about the 
x2 axis; letxl x2 x j  denote the resulting frame, 
* ,, 3. 
a positive rotation of frame x l  x2 xg by an angle Q about 
the x , axis; let x x2 x3 denote the 6nal coordinate frame. 
A rotation matrix R (y.8,$) relates components of a vector in the 
inertial frame to components of the same vector in the body frame 
[14]. We assume that the Eulcr angles are limited to the ranges 
Suppose a , ,  y, y are the principal axis components of the a b w  
lute angular velocity vector o of the spacecraft. Then expressions 
for o l ,  y ,  y are given by 
. . 
ol = $ - ysine , (2.2) 
y = &OS@ + Wcose sine , (2.3) 
~ . j  = - &in$ + Wcos~ CON . (2.4) 
Since these equations are invertible, we can solve for d,, 0. @ in 
terms of wl, y ,  y obtaining 
d, = ol + %sin+ tan0 + ycosQ tan8 , (2.5) 
C) = ycos4 - *sin+ , (2.6) 
@ = %sin@ sec8 + ycoSQ sec0 . (2.7) 
Next we consider the dynamic equations which describe the 
evolution of the angular velocity components of the spacecraft 
Let J.= diag (J1, J2, J3), Ji > 0, i = 1, 2, 3, be the inertia matrix 
of the s p d t  in a coordinate frame defined by its principal 
axes. Let H be the angular momentum vector of the spacecraft 
relative to the inertial fnune. Then we have 
Jo = R (y,%.Q)H ; (2.8) 
Differentiating (2.8) we obtain 
J ~ I  = S (o)R (v,B,Q)H + R (w,~.Q)H , (2.9) 
where 
MSS - 9114630 md NASA Grmt No. NAO - 1 - 
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S ( o ) =  -6+ 0 (2.10) 
We assume that the control torques ut1 and ut2 are applied about 
axes represented by unit vectors b l  and b2 respectively. This 
implies that 
R(~.Q,+)H = b1ufl + b2u'? . (2.11) 
Without loss of generality, we assume that b,  = (1, 0, 0)' and 
b2 = (0, 1.0)'. Thus the equations describing the evolution of the 
angular velocity of the spacecraft are given by 
J l 4  = ( J z - J 3 ) ~ % +  uI1. (2.12) 
J2& = (13 - J l ) y o l  + u t2 .  (2.13) 
J3& = (J1 - 5 3 0 ~ 0 2 .  (2.14) 
3. Controllability and Stabilizebility Properties 
of Complete Spacecraft Dynamics 
As background for our subsequent development, we consider 
the controllability and stabilizability properties for the complete 
dynamics of the spacecraft with control torques only about two 
principal axes. Define 
r U.,I 
1 J 2 J  
From Section 2 the state equations can be rewritten as 
< i ) l = a l ~ + ~ ~ .  (3.1) 
(;)Z = a20103 + u2. (3.2) 
& = a3@1%, (3.3) 
4 = ol + ysinQ tan8 + %cos+ tan0 . (3.4) 
8 = qcosQ - *sin4 , (3.5) 
\ir = ysinQ sec8 + uy%Q sec8 , (3.6) 
where 
. It is easily verified that the linearization of the equations about an 
equilibrium has an uncontrollable eigenvalue at the origin. This 
implies that an inherently nonlinear analysis is necessary in order 
to characterize the controllability and stabilizability properties of 
the complete spacecraft dynamics. Moreover, a linear feedback 
control law cannot be used to asymptotically stabilize the space- 
craft to an equilibrium attitude. 
We now present fundamental results on the controllability and 
stabilizability properties of the complete spacecraft dynamics 
described by equations (3.1)-(3.6). The reada in r e f d  to [13] 
for additional details. 
Theorem 3.1: The complete spacecraft dynamics described by state 
equations (3.1)-(3.6) are smngly accessible if and only if J1 + J2, 
i.e., the uncontrolled principal axis is not an axis of symmtry, 
Theorem 3 2 :  The complete spacecraft dynamics described by state 
equations (3.043.6) are small time locally conuollable at any 
equilibrium if and only if J1 # J 2  
Theorem 33:  The complete spacecraft dynamics described by state 
equations (3.1)-(3.6) cannot be locally asymptotically stabilized to 
an equilibrium by any time-invariant continuous state fcedback 
control law. 
Theorem 3.3 holds if J 1  # Jz and also if J1 = J2 A weakn 
version (with "continuous" replaced by "c'") was proved in [ q .  
However. Theorem 3.3 follows from [ q  using results in [9] and 
(121. This negative result also implies that feedback control 
approaches based on linearization. Lyapunov methods, center mm- 
fold theory, or zero dynamics cannot be used to asymptotically sta- 
bilize the spaccctaft to an equilibrium attitude. 
~lthough the full set bf 'equations (3.1)-(3.6) cannot be 
asymptotically stabilized to an equilibrium. via continuous fa- * - 
back, one may still wish to design a smooth control law which 
stabilizes at least a particular subset of state variables. Consider the 
state equations for o l ,  02, q, Q and 8 w e n  by equations (3.1)- - 
(3.5). These equations are invariant with respect to the Euler angle 
v. Asymptotic stabilization of this subset of the original equations 
cornsponds to stabilization of the motion of the spacecraft about 
an a t a t o r ,  which is not an isolated equilibrium. A result from [6] 
shows that the closed loop trajectories can be asymptotically stabil- 
ized to the manifold 
R = ( (o~ ,Y,Y,@,~ ,~)  : 0 1  = (L4, = % = $ = 0 = 0) (3.8) 
using smooth C' feedback. 
We mention that although the complete spacecraft dynamics 
described by equations (3.1)-(3.6) Cannot be asymptotically stabil- 
i d  to an equilibrium by continuous feedback, an algorithm gen- 
erating a piecewise constant discontinuous conml has been 
developed in [7] which locally asymptotically stabilizes the com- 
plete spacecraft dynamics to an equilibrium. The algorithm 
requires that J1 # J2,  i.e., the unconaollcd principal axis must not 
be an axis of symmetry. The algorithm is based on Lie algebraic 
methods ,in [8]. The algorithm is extremely complicated and is not 
an easily implementable control strategy. However, stabilization of 
the complete spacecraft dynamic equations (3.1)-(3.6) is an 
inherently difficult problem and the algorithm in [7] is the only 
control saategy proposed in the litemnne thus far. 
4. Attitude Stabilization of a Non-Axially Symmetric 
Spacecraft with Two Control Torques 
In this section. we consider the equations (3.1)-(3.6) describ 
ing the motion of a spacecraft controlled by input torques only 
about two of its principal axes. It is assumed that the uncontrolled 
principal axis is not an axis of symmetry of the spaceaafS i.e., 
J1 + J2. As a consequence of the negative result of Theorem 3.3, 
we restrict our study to the class of discontinuous feedback con- 
trollers in order to asymptotically stabilize the complete spacecraft 
dynamics. However, as shown in the previous section, the com- - 
plete spacecraft dynamics are small time locally controllable at any 
equilibrium attitude. This suggests that a piecewise analytic feed- 
back control law can be constructed which asymptotically stabilizes 
- 
the complete spacecraft dynamics to an equilibrium attitude. Here 
we present a particular discontinuous feedback saategy, which is 
obtained by nquiring that the spacecraft undergo a sequence of 
specified maneuvers. Without loss of generality, we assume that 
the 'equilibrium attitude to be s t a b i l i i  is the origin. We first 
present a physical interpretation of the sequence of maneuvers that 
transfers any initial state to the origin. 
Maneuvers 1-3. Transfer the initial state of the spacecraft to an 
equilibrium state in finite time; i.e., bring the spacecraft to rest. 
There are control laws based on center manifold theory [l] 
and zero dynamics theory [6] which accomplish this in an asymp- 
totic sense. Here we use a sequence of three maneuvers, and 
corresponding feedback control laws. which bring the spacecraft to 
rest in finite time. 
Maneuver 4. Transfer the resulting state to an equilibrium State 
when (O = 0 in finite time; i.e., so that the spacecraft is at rest with 
Q = 0. This maneuver is accomplished using the control torque u 1 
only. 
Maneuver 5. Transfer the resulting state to an equilibrium state 
w h m  Q = 0, 8 = 0 in finite b, ie., so that the spacaraft is at 
rest mth Q 0, 8 = 0. This maneuver is accomplished using the 
control torque u2 only. 
~n order to complete specification of the sequence of 
maneuvers, the Eula angle must be brought to zero. This cannot 
be accomplished directly since a conml toque cannot be applied 
about the third principal axis of the However, the 
resulting state can be u a n s f d  to the origin m y  using three 
maneuvers. The t h e  maneuvers cornspond to thne consecutive 
.rotations about the two controlled principal axes of the s p ~ c e 5  
the first and the third being around the first principal axis. m s  . 
produces a net change in the orientation of the spacecraft so that 
the state of the spacccdt is transfemd to the origin in finite time. - 
The thne maneuvers an described as follows. 
.c . in- 
ManeuGi 6. ~nrnsfer the nsulring state to an equilibrium state 
where $ = 0.5n, 8 = 0 in finite time; ik:. so that the spacecraft is 
at nst with 4 = 0.5~.  8 = 0. This maneuver is accomplished using 
- the control torque ul only. 
Maneuver 7. Transfa the multing st& to the quilibrium state 
(cul,y,y,?.8,v) = (O,O,O.O.S%,OvO) in finite time. This maneuver 
is accomphshed using the c0nUOl tolpue'ui only. 
Maneuver 8. Transfer the equilibrium st& (@l.y,%,$le,~) = 
(0,0.0.0.5n,0.0) to the equilibrium state (0,0,0.0,0,0) in finite time. 
This maneuver is accomplished using the conml torque u 1 only. 
Note that, excluding the first three rnaneuveis whae the 
spacecraft is brought to rest, all subsequent maneuvers an such 
that the angular velocity component cu, is maintained identically 
zero. This is accomplished by carrying out maneuvers which 
require use of only a single wnml torque at a time. 
It is convenient to introduce some notation. Throughout, 
assume k > 0, and define 
( 0  if (xl=O and x2=0)  
We use the well-known property that the feedback control 
u = - G ( x ~ - ~ ~ . x ~ )  
for the system 
il = X2 
x2=u 
transfers any initial state to the final state W1,O) in a finite time. 
We also use the standard notation that 
1 1  if x1.0 
Our mathematical construction of a conml strategy which transfers 
an arbitrary initial state of the s p a c d  a the origin is based on a 
sequence of equilibrium subsets and a sequence of conaol func- 
tions which transfers a state in one subset to another. Consider the 
following equilibrium subsets 
MI = ((ol,y,q.$,8,v) = (0.0,0,$,0.v), g.8.v arbioary), 
M 2  =, ((wl,y,q,$.eVv) = (0,0,0,0,8,y). 8.v arbitrary). 
M3 = ( (ol ,y,cu,.G8.v) = (0.0,O.O.O.v). v arbitrary 1. 
M4 = ((ol,y,0j,+~8.v) = (0,0,0,0.5&0.v), v arbipary). 
We now prcsent the feedback control laws that accomplish the 
sequential maneuvers described above; for each case we show that 
a desired taminal state which defines the maneuver is reached 
Transferring any initial state to a state in M,  
In order to transfer the arbiaary initial state to a 6nal state 
which satisfies ol = w =  o, -0 three sequential maneuvers are 
required The first mancuva results in wl = y = Q while Wj t P 
in general; thf second maneuver results in ol = 01 and or = %, 
where ol, y are chosen to guarantee that at the end of the third 
maneuver o = y = o, = 0. Ihcsc thne maneuvm are described 
in detail as io~ows. 
Maneuver 1. Let ( o ~ , o $ , ~ # , + ~ ~ 0 ~ , ~  denote an initial state for 
the complete spacecraft dynamics described by equations (3.1)- 
(3.6). Define 
Equations (3.1)-(3.3) can now be rewritten as 
o 1 = v l .  (4.1) 
( ; )z=v2.  (4.2) 
ci+ = a3wly . (4.3) 
Apply the feedback control functions 
vl  = - ksignol . 
v2 = - ksigny . 
It is easy t8 see that after a finite time given by 
lopl loll 
max(-,-), ol = y = 0; at this instant let q = 4 where k k  
the constant value 4 can be evaluated. 
Maneuver 2. Apply the feedback conml functions 
where 
0: It is again easy to see that after a finite time given by - 4 '  
o, = a;, y = 4, and in addition it can be shown that cu, = - 2 '  
Maneuver 3. Apply the feedback control functions 
v l= -  ksigno] , 
v 2  = - ksigny . 
0: 
It can be seen that after a finite time given by -, ol = 0, y = 0 k 
and it can be shown that ~j = 0. 
Consequently, the resulting state afta these three sequential 
maneuvers is (0,0,0,$',8~,~~) E M1 for some $I, el, yl. 
Transferring a state in M 1  to a state in M 2  (Maneuver 4) 
Let (o,o,o.$~,B~,v~) E M1 denote a state of the spacecraft. 
Apply the feedback control functions 
UI =-G($,  01) I 
u 2 = o .  
It follows that 
y = o , y = o ,  
8 = 8 ' , v = ~ ' .  
satisfy equations (3.2). (3.3). (3.5). (3.6) while equations (3.1), 
(3.4) become 
ol = - G (4, ~ 1 )  , 
Consequently after a finite time ol = 0. $ = 0; and thus a state 
(0,0.0,@~.8~,y') E M1  is transfemd to the state (o,o,o,o,~~,~') E 
M in finite time. 
Transferring a state in M 2  to a state in M3 (Maneuver 5) 
Let (0.0,0,0.8~,yr~) E M2 denote a state of the spacecraft. 
Apply the feedback control functions 
u l=O.  
uz = -  G(8.03 .  
It follows that 
o , = o , y = o ,  
4 = 0 . v = \ y 1 .  
satisfy quations (3.1). (3.3). (3.4). (3.6) while equations (3.21, , (3.5) become 
~ = - G ( 0 , y ) ,  
i r = ~ ) 1 .  
Consequentlp after a finite time y = 0, 9 = 0; and th"s a state 
(0,0,0,0,9~,v ) E M2 is transfmd to the state (O,O,O,O.O,vl) E M 3  
in finite time. 
Transferring a state in M 3  to a state in M 4  (Maneuver 6) 
Let (O,O,O,O,O,yl) E M 3  denote a state of the spacecraft. 
Apply the feedback conaol functions 
ul = - G($ - 0.5~. ol)  . 
u 2 = 0 .  
It follows that 
q = o , w ; = o ,  
1 e = o . v = v ,  
satisfy equations (3.2), (3.3), (3.3, (3.6) while equations (3.1), 
(3.4) become 
h, = - G ($ - 0.5~. o l )  . 
Consquentl , after a finite time ol = 0, 0 = 0.5x; and thus a state ? (0,0,0,0,O,v ) e M3 is transferred to the state (0,0,0,0.51~,0.~~) E 
M 4  in finite time. 
Transfemng a state in M 4  to (0,0.0.0.5~,0,0) (Maneuver 7) 
Let (0,0,0,0.51r,0,v1) e M4 denote a state of the spacecraft. 
Apply the feedback conwl functions 
U 1  = o ,  
u2 = -  G(v. y ) .  
It follows that 
0 , = 0 , 0 , = 0 .  
$=0.51r ,0=0.  
satisfy equations (3.1). (3.3). (3.4). (3.5) while equations (3.2), 
(3.6) become 
& = - G ( y . q l ,  
v=("2. 
Consequently. after a finite, time y = 0, v = 0; and thus a state 
(0,0,0,0.5x.0,y1) E M4 is aansfemd to the state (0,0,0,0.51r,0,0) in 
finite time. 
~ r a n s f e r n n ~  (0,0,0,0.5~.0,0)~ to (0.0.0,0,0,0) (Maneuver 8) 
Let (0,0,0,0.5n,0,0) denote the state of the spacecraft. Apply 
the feedback control functions 
ul =-G(O,U~) ,  
u 2 = 0 .  
It follows that 
y = o , m , = o ,  
B = O , v = O ,  
satisfy equations (3.2). (3.3). (3.5). (3.6) while equations (3.1). 
(3.4) become 
6, = -  G (0.01) r 
$ = a 1 .  
Consequently, after a finite time ol = 0, $ = 0; and thus the state 
(O,O,O,O.5n,O,O) is transferred to the state (0,0,0,0,0,0) in finite time. 
In summary, the feedback control strategy outlined above can 
be implemented by sequential switching between the following 
feedback functions. 
Maneuver 1. Apply 
u: (x) = - a l y y  - ksignol , 
uJ(x) = - a 2 q o l  - ksigny . 
until (O~,%,U$ = (0.0.4) for some value 4; then go to Manu- 
ever 2. 
Maneuver 2. Compute 
a, 
until (ol,%,y) = (a;&,-); then go to Maneuver 3. 
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Maneuver 3. Apply 
u:b) = - a l y q  - ksignq , 
uJ(x) = - a 2 q o l  - ksignq , 
until ( o l . y , ~ )  = (0,O.O). i.e.. ( 0~ ,y ,q ,$ ,9 ,~ )  e MI; then go to 
Maneuver 4. 
Maneuver 4: Apply 
U ~ C X )  = -  ~ ( 0 ,  01) , 
u,4(x) = 0 ,  
until (ol ,y ,q,$)  = (0.0,O.O). is.. ( o l , q . q  ,$,O,v) e M2; then go 
to Maneuver 5. 
Maneuver 5: Apply 
u:b) = 0 ,  
u?(x) = - G(0, y) , 
until (ol ,y ,q,$B) = (o,o,o.o,o), i.e.. (~1,yrq.g,9.v)  E M3; then 
go to Maneuver 6. 
Maneuver 6: Apply 
U P ~ ~ ) = - G ( $ - O . ~ R , ~ ~ ) .  
ui(x)  = 0 ,  
until (ol,q,y,0,9) = (0,0.0,0.5n.O), i.e., (ol,y.q,@,0,v) E M4; 
then go to Maneuver 7. 
Maneuver 7: Apply 
u:w = 0 ,  
u27~x)=-G(W, W ,  
until (01.y,q,$,9,v) = (0,0.0,0.5x.O.O); then go to Maneuver 8. 
Maneuver 8: Apply 
u18h) = - G(0, 0 1 )  , 
~ 2 ~ 0 r )  = 0 ,  
until (o l ,y ,~ ,$ ,9 ,v)  = (0,0,0,0,0,0). 
This feedback control strategy achieves attitude stabilization 
of the spacecraft by executing a sequence of maneuvers. This stra- 
tegy is discontinuous and nonclassical in nature. Justification that it 
stabilizes the complete spacedt  dynamics to the equilibrium atti- 
tude (at the origin) in finite time, under the ideal model assump- 
tions, follows as a consequence of the construction pmedun. A 
computer implementation of the feedback control strategy can be 
easily carried out. 
5. Attitude Stabilization of an Axially Symmetric 
Spacecraft with Two Control Torques 
From the analysis made in Section 3, we find that the com- 
plete dynamics of a spacecraft conwlled by two control torques 
supp1i.d-by gas jet actuators, as described by equations (3.1)-(3.6). 
fail to be controllable or even accessible if the uncontrolled princi- 
pal axis is an axis of symmetry of the spacecraft, i.e.. if J1 = J2. 
Due to the lack of controllability, the control algorithm proposed in 
[7] is not applicable to this case. In this section we concenaatc on 
the case where the uncontrolled principal axis of the spacecraft is 
an axis of symmetry. i.e., Jl = J2. In particular we ask the ques- 
tion: what restricted control and stabilization properties of the 
spacecraft can be demonstrated in this case? Our analysis begins 
by demonsaating that, under appropriate restrictions of interest. the 
spacecraft equaaons can be expressed in a reduced f o m ~  Controlla- 
bility .and sabiliability propcmes for this case follow from an 
analysu of the reduced equations. 
Consider the equations (311$(3.6$.describing the motion of a 
spacecraft controlled by input torque3 supplied by gas jet actuators 
about only two of its principal axes. It is assumed that the uncon- 
trolled principal axis is an exis of symmetry of the spacecraft. 
From equations (3.1)-(3.6) and J l  = J2 we have 
(bl = a l y y + u l  I . . (5.1) 
& = a 2 0 1 ~ +  u2 ,  (5.2) 
& = o ,  (5.3) 
If y (0 )  # 0 then q cannot be uansfemd to zero using any 
control function. If we assume that y (0)  = 0. then y = 0. Under 
the restriction y ( 0 )  = 0, the reduced spacecraft dynamics for this 
case arc described by 
h 1 = u 1 ,  (5.7) 
& = u 2 ,  (5.8) 
(0 = o1 + *sin+ tan0 , (5.9) 
it=o,cos4, (5.10) 
v = o,sinl$ sece . (5.11) 
The following results can be easily shown. The proofs of Theorem 
5.1 and l'%ednm 5.2 an similar to the proofs of Theorem 3.1 and 
T h m m  3.2 respectively in [13]. Theorem 5.3 follows from the 
results in [S], [9] and [12]. 
Theorem 5.1: The reduced dynamics of an axially symmetric 
spacecraft controlled by two pairs of gas jet actuators as described 
by equations (5.7)-(5.11) arc strongly accessible. 
Theorem 52: The reduced dynamics of an axially symmetric 
spacecraft controlled by two pairs of gas jet actuators as described 
by equations (5.7)-(5.11) are small time locally conmtllable at any 
equilibrium. 
Theorem 53: The nduccd dynamics of an axially symmetric 
spacecraft controlled by two pairs of gas jet actuators as described 
by equations (5.7)-(5.11) cannot be asymptotically stabilized to an 
equilibrium using a time-invariant continuous feedback control law. 
The implications of the pperties stated above are as follows. 
For all initial conditions that satisfy y(0)  = 0. the axially sym- 
metric spacecraft controlled by two pairs of gas jet actuators as 
described by equations (5.1)-(5.6) can be controlled to any equili- 
brium attitude. However, any time-invariant feedback control law 
that asymptotically stabiliLes the spacecraft. to an isolated equili- 
brium attitude must necessarily be discontinuous. Thus arbitmy 
reorientation of the spacecraft can be achieved if y (0)  = 0; if . 
%(O) t 0, reorientation of the spacenaft to an equilibrium attitude 
cannot be achieved. 
Conveniently, it tums out that sequentid execution of the 
maneuvers d e w  as Manutvm 3 through 8 in the previous sec- 
tion transfers any initid state of the reduced spacecraft dyndcs  
(5.7)-(5.11) to the ori in Wte time. 'lhe physical interpretation 
of the manuevas is tE' same as demitied previously; the O V ~ I  
feedback control strategy is as follows. 
Maneuver 1. Apply 
ud(x)= -ks igny ,  
until (a1,* = (0.0); then go to Maneuver 2. 
Maneuver 2: Apply 
u?@)=-G($,  01). 
u l @ )  = 0 ,  
until (alr%$) = (O,O,O); then go to Maneuver 3. 
Manuever J: Apply 
u:(x)=o, 
U ~ C I )  = - ~ ( e ,  y) , 
until (q,y,$.B) = (0.0~0.0); fbta go to Maneuver 4. 
Maneuver 4: Apply 
u t b )  = -G(+ -0.5~.  a , ) .  
u:or) = 0 ,  
until (ol,(02,+,8) = (0,0.0.5n,0), then go to Maneuver 5. 
Maneuver 5: Apply 
u:or) = 0 ,  
u ~ J @ ) = - G ( w .  03,  
until (ol,%,+,O,v) = (O,O,O.Sx,O,O); then go to Maneuver 6. 
Maneuver 6: Apply 
up@) = - G($,01). 
u , 6@)=0 ,  
until (ol,y,g,O.~) = (0,0.0,0.0.0). 
This feedback control strategy achieves attitude stabilization 
of the spacecraft, in the sew described previously, by execu~g a
sequence of maneuvers. This strategy is discontinuous and nonclas- 
sical in nature. A computer implementation of the feedback control 
strategy can be easily carried out. 
Notice that according to equation (2.4). the condition that 
%=oimpliesthat 
-(sin$)d 0 + (cosl3cos4)dy = 0 ; 
this represents a nonintegrable invariant of the spacar& motion. 
Therefon the reduced spscocraft dynamic equatiw define a non- 
'linear control system of the foxm studied in [4]. An alternate 
discontinuous control strategy which achieves attitude stabilization 
of the spacecraft is presented in [131. 
6. Simulation 
We illustrate the results of the paper with an example of a 
nonaxially s ~ t r i c  spacecraft wi pnncipal moments o[ inaria i" Jl = 100 Kg. M , J2 = 250 Kg. M , and J 3  = 350 Kg. M . Then 
is no control torque about the third principal axis and two control 
torques, generated by gas jet actuators, arc applied about the other 
two pnncipal axes. The spacecraft has an m#ial orientation 
described by the Euler angles $O = - r, 0 = 0.25~. and go= - 0 . 5 ~  radians. and an initial angular velocity given by 
ol = 0.3. yo = - 0.3. and q0 = 0.1 radians pa second A com- 
puter implementation of the feedback conaol seategy described in 
Section 4 was used to asymptotically stabilize the spacecraft to the 
origin. The value of k is chosen to be 1. Fig. 1, Fig. 2 and Fig. 3 
show the rime nsponses on the Euler angles, angular velocities and 
the control torques respectively. At r = 0.3 seconds, which is the 
end of Maneuver 1 of the algorithm, ol and q an both zero 
while y = q = 0.1039 radians pa second. At t = 1.73 seconds. 
which is the end of Maneuver 3 of the algorithm. 
a, = q = Y = 0, and + = -2.59, 0 = 0.37 and = -1.913 radi- ' 
ans. The subsequent maneuvers described by Steps 4 through 8 
results in + = 0 = w = ol = 9 = 0 as shown in Fig. 1 and 
"%;; Fig. 2. It might be observed m Fig. 3 that until 1.73 seconds, 
which is the end of Maneuver 3, the conml torques ul and uz are 
both applied to bring the s p a c a d f  to rest But once the spacecraft 
is brought to rest. the subsequent maneuvers are such that only one 
of the control torques is nonzcm in any inraval of time. Thus y 
remains zao at all rime beyond 1.73 seconds and cy and 
s o  that only one is no- at any .Y interval beyo$ 1% 
seconds. Since the feedback conml strategy far the dentat ion 
of an axially symmeaic spawmft is similar to the fecdback con- 
trol suategy for the mriencation of a noa-axially symmcaic space- 
craft, we do not consider a sepaate example to ~.Uusuatc this case. 
7. Conclusion 
The amtude stabilization problem of a spacecraft using con- 
trol torques su plied by gas jet acnuuors about only two of its 
princiN axes L been conai- II the unintrollai principal 
axia is an axis of symmetrv of the sDacecrah the complete 
s p a d  dynamics cannot ,b asymptotidy stabibd to an 
equilibhm a!titudc using continuous feedback. A discontinuous 
feedback control strateky was constmckd which stabilizes the 
q a c a d t  to an aquilbnum attitub in finite a me. If the uncon- 
trdbdpdncipsluuiraarxirofrymmeayofhoopacecraft.the 
c ~ & ~ l e t e  spacecraft dynamics cannot be stabilized. The ~ d u c e d  
spacecraft dynamics cannot be asymptotically stabilized using con- 
tinuous feedback, but again a discontinuous feedback conml stra- 
tegy was constructed which stabilizes the spacecraft (in the reduced 
sense) to an equilibrium attitude in finite time. The results of the 
paper show that although Standard nonlinear control techniques do 
not apply, it is possible to construct a stabilizing control law by 
pcrfonning a sequence of maneuvers. 
One of the advantages of the development in this papcr is that 
feedback control strategies arc constructed which guarantee attitude 
stabilization in a finite time. Thc total time required to complete 
the spacenaft reorientation is the sum of the times required to 
complete the sequence of maneuvers described. From the analysis 
provided, it should be clear that the time required to complete each 
maneuver depends on the single positive parameter k in the 
comsponding conool law. Then is a trade off between the 
required control levels, determined by the selection of k ,  and the 
resulting times to complete each of the maneuvers and hence the 
total time required to &ent the spacecraft, In particular, the time 
to d e n t  the spacecraft from a given initial state to the origin can 
be expressed as a function of the value of the parameter k and of 
the initial state. 
For each of the two attitude stabilization problems considered. 
we have presented one example of a sequence of maneuvers which 
achieves the desired spacecraft attitude stabilization. There are 
many othu maneuver sequences, and corresponding feedback con- 
m l  strategies. which will also achieve the desired attitude stabiliza- 
tion of the spacecraft. But each such strategy is necessarily discon- 
tinuous. 
We have demonstrated the closed loop properties for the spc- 
cial feedback control strategies pnsented. Our analysis was based 
on a number of assumptions which are required to justify the 
mathematical models studied. Further robustness analysis is 
required to determine effects of model uncertainities and external 
disturbances. Unfortunately, such robusmess analysis is quite 
difficult since the closed loop vector fields are necessarily discon- 
~ u o u s .  Perhaps, feedback control strategies which stabilize the 
spacecraft attitude, different from ones presented in this paper, 
would provide improved closed loop robusmess. 
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ABSTRACT 
It is demonstrated that t l ~ e  planar reorientation of a free-free beam in zero gravity space can be 
acco~nplished by periodically changing the shape of the beam using embedded electromechanical actuators. 
The dynamics which determine the shape of the free-free beam is assumed to be characterized by the Euler- 
Bernoulli equation, including material damping, with apppropriate boundary conditions. The coupling 
between the rigid body motion and the flesible motion is explained using the angular momentum espressio~l 
which includes rotatory inertia and kinematically exact effects. A control scheme is proposed where the 
embedded actuators escite the flexible motion of the beam so that  it rotates 'in the desired sense with 
respect to a fised inertial reference. Relations are derived which relate the average rotation rate to the 
amplitudes and the frequencies of the periodic actuation signal and the properties of the beam. These 
reorientation maneuvers can be implemented by using feedback control. 
I. INTRODUCTION 
Classical models of uniform free-free flesible beams in zero-gravity space result in complete decoupling 
of rigid body motion and flexible motion. However, conservation of the angular momentum of the beam 
indicates that the classical models are incomplete in the sense that  there is in fact higher order nonlin- 
ear coupling between the rigid body motion and the flexible motion, if rotatory inertia and kinematically 
exact modeling effects are included. Assuming that the angular momentum of the beam is always zero, 
oscillations in the shape of the flexible beam can actually cause a rotation of the beam with respect t,o a 
fixed inertia.1 reference. The rotation of the beam over one period depends only on the shape of the b e i ~ t ~ ~  
over the period and does not depend on the length of the period; hence this phenomenon is referred t.o as 
a. geometric phase change. 
These observations lead to a scheme for carrying out asymptotic reorientation of a free-free flesihlt 
beam in space using only electromechanical actuators embedded in the beam. These embedded electro~~lcb- 
chanical actuators, e.g. piezoelectric actuators, do not change the angular momentum of the free-free I ~ c n n i  
but they can be used to change the shape of the beam in a periodic way thereby resulting in a rotation of t Ilc 
beam in space. This reorientation scheme, based on the use of embedded actuators, does not require uqe of 
momentum wheels or gas jets and thus requires a minimal use of fuel to achieve a given beam reorientat loll. 
In this paper, the basic modeling issues are a.ddressed. The dynamics which characterize the sl\i~l)cs 
of the free-free beam is assumed to be characterized by the Euler-Bernoulli equation, including rnate~~i;\I 
da.mping, with apppropriate boundary conditions. The coupling between the rigid body motion and t l ~ c  
flexible motion is explained using the angular momentum expression. A control scheme is proposed \r.licl.e 
the embedded actuators escite the flesible motion of the beam so that  it rotates in the desired seusrt. 
Relations are derived which relate the average rotation rate to  the amplitudes and the frequencies of 
the periodic actuation signal and the properties of the beam. These reorientation maneuvers call I ) P  
implernellted by using feedback control. Important features of the approach are indicated. 
2. A PLANAR FR.EE-FR.EE BEAM bIODEL 
Consider a uniform free-free beam of undeformed length 2L in space ~vitll zero a.ngu1a.r rnomelltunl 
zero linear momentum. Referring to Fig. 1 the motion of the beam is constrained to a plane defined bv 
vectors (e l ,  2s) where ('el, e2, es) is an orthonormal basis for an inertial frame whose origin is at the center 
- - -  
of ma.ss of the beam. Let ( i :  j, I;) be a rotating frame with its origin fised at  the origin of the itle'rtial 
frame such that the vectors (I, I ; )  lie in the plane (e l ,  S3) and ? = 22. Tlle straight line passing through 
the origin in the direction of vector k  is called the reference line. Let the beam initially be at  rest in a 
straight line configuration aligned with the reference line. Then, the location of ea.ch point on the line of 
mass centroids of the beam ca.n be described in terms of the parameter s E [-L, L]. This parameter s 
ca.n be viewed as a label for each of the crossections. We assume that as the beam deforms the sha.pe a.nd 
the a.rea of the crossections remain invariant. Following other  researcher^'^^'^ we introduce three funct,ions 
V(S, t ) :  y(s, t )  : [- L, L] x sR - )h\ and ~ ( s .  t )  : [-L, L] x 8 - T1 such that ( ~ ( s ,  t ) + s ,  y(s, t ) )  define the 
coordinates of the line of centroids in the deformed configura.tion with respect to the moving frame (?, k )  at 
time t. The angle $(s, t )  between the normal to the crossection a t  s and 2s specifies the orientation of the 
crossection. The normal to the crossectiou a t  s is denoted by G. We de-fine the material basis (.il, h, i3) to 
be ol~thonorn~al so that & lies in the plane (el ,  e3). The crossection itself can be associated with the set of 
points (€1 , t2) in a compact set .A C !R2 such that tlil + t2f2  + (u(s, t) + s)k + (y(s, t ) ) ;  gives the 1oca.tion 
of any point on the beam as and €2 vary through A and s varies from - L  to L. 
Since the origin of the inertial frame is fixed at  the center of mass of the beam we obtain 
Let p denote the consta.nt mass density per unit volume of the beam. We assume that  the beam has a 
symmetric crossection so that  the first lnoment of inertia of the crossection about the line of centroids is 
The second ~noment of inertia of the crossection about the line of centroids is 
The ma.ss per unit length of the crossection is given by 
We define the angle B(t) between e3 and & so that  y(s, t )  measured from the reference line sa.tisfies the  
followillg orthogonality condition 
The existence of the angle 8 ( t )  follows from the geometry indicated in Fig. 1. This definition provides a 
separation between the motion which determines the shape of the beam, given by y(s , t ) ,  - L  5 s 5 L, a~!d 
the rotation of the beam as a whole, given by B(t). 
3. EQUATIONS OF MOTION 
CVe first develop a kinematically esact espression for the angular momentum of the free-free beam. Let 
~ ( s .  t , ,  t2: 0. t )  be the vector from the origin of the inertial frame t o  a point (s ,  [I,  (2) on the beam at tilne 
t ;  then 
where 0 = B(t), y = y(s, t )  and I)  = +(s, t ) .  The angular momentum about the origin of the inertial frame 
a t  time t is zero s o t h a t  
Substituting equation (7)  into equation (8) and using equations (4) and (5) we can express 6 in terms of 
y, 21 and ct. as 
L 
. 
~ - L { m ~ s ~  + 126 + rnO(2u - g y ) } d s  0 = 
~ : ~ { - m o s ~  - moy2 - 12}ds (91 
where cu = .I) - 8 is the angle between the normal i3 to the crossection at  s and the reference line. 
.4ssume that  the beam is unshearable and inextensible and that  the deformations are small. This 
implies, using equation (2), that 
U(S, t) = 0. (10) 
and t11a.t 
0 = Ys 
We use the Euler-Bernoulli beam model to characterize the shape of the Thus y(s, 1) satisfies the 
Euler-Bernoulli equation of the form 
ivi t 11 the boundary conditions 
Yss(-L) = YSS(L) = 0, 
where I = 12/p, E is Young's elasticity modulus, 6' is the distributional derivative of the delta function 2 n d  
where for simplicity we assume Kelvin-Voigt damping with a positive damping coefficient y. In addition. 
y(s, t )  must satisfy conditions (1) and (6). Internal bending torques u,(t), j = 1, . . . , m are produced by 
m point actuators located a t  s = s, on the beam where sl E [-L, L]. These embedded electromechanical 
actuators change the shape of the beam but a t  the same time preserve the angular momentum. Althol~gl~ 
such actuators are capable of inducing relatively small displacements one can excite the beam periodically 
a t  a frequency near one of the lower resonant frequencies of the beam to  obtain relatively large periodic 
shape change. 
Using expressions (G), (10) and (11) in equation (9) we obtain 
where T = $ r n , - , ~ ~  + 212L.  This expression demonstrates the nonlinear coupling between the beam's sllape 
and its rigid body motion. Expression (15) is non-integrable in the sense that  if y(s, t )  is a periodic function 
of time. the integral of 8 over one period is, in general, non-zero. 
R.emark 3.1 If in the above,derivation we had not used the kinematically exact expression for the angular 
momentum but had used the linearized strain assumptions we would have obtained the expression 
-4s ca.n be seen expression (16) leads to the,incorrect conclusion that a periodic change in the sha.pe of the 
bea.m does not result in rotation of the beam. Note that inclusion of rotatory inertia effects and the use 
of the kinematically exact expression for the angular momentum is necessary in order to demonstrate that 
the beam call rotate in space due to periodic shape change. 
C\:e expand the solution y(s: t ) to equation (12) in the series 
where tui(s), i = 1,2,  . . . are the ortl~oilormal elastic mode shapes of the Euler-Bernoulli model. The ela.stic 
mode shapes a.re given by 
where !3; are the positive roots of the equation 
orderetl a.ccording to their magnitude. 
Expansion (17)  provides the modal decomposition 
EIP4 \v1lere A i 2  = 2. C . - ywc2 
mo , - 
and bij = %I,=,, . Equation ( l2 ) ,  or equivalently equation (IS), deterlllines 
the sha.pe of the beam and is called the shape space equation. Substituting equation (17) into equation ( 15) 
we obt,a.in 
where J ;  = w i ( L )  - . w ; ( - L ) .  We note that (19) is non-integrable for any truncation of the infinite series 
in (17) .  
Tlle goal is to accomplish asymptotic maneuvers, i.e. starting with 9(to) = 90, y(s, to) = yt(s ,  to) = o 
we want to rotate the beam so that B(t) - Od, y(s,t) - 0 and yt(s ,  t )  - 0 as t + ;xl for some desired 
a.ngle Hd.  
Consider the periodic excitation of the beam at  a single frequency w as 
Since the shape space dynamics of the free-free beam is asymptotically stable, the steady-state motion of 
the beam is given by 
q ; ( t )  = 1; + a; cos(wt + 4 ; )  (21 )  
where 
and 
The excitation function (20) should be sufficiently small so that the Euler-Bernoulli model for the shape 
space dynamics remains valid6. 
If CEO=, q? is small compa.ring with r we can approximate 
and thus 
l o o  1 B z - - C . J , ~ ~ + ~  
7 .  T 
t = l  
Integrating over one period a.nd using equation ( 2 1 )  we obtain 
Expression ( 2 5 )  implies that ,  in general, the change in angle tJ in steady-state over one period is non-zero 
thereby proving that a periodic change in shape of the beam results in a rotation of the beam; the steady- 
state difference 9($) - B(0) is referred to as the geometric phase. There are cases, however, when tllc 
geometric phase turns out to be zero. 
Proposition 4.1 -Assume that  the steady-state motion of the beam is described by equation (21). Then, 
8 ( % )  - 8(O) = 0  if any of the following conditions hold: 
1. (1 ;  = 0  for all i 
2. I ;  = 0  for all i 
3. bi = 4, for all , i , j  
. 
The second statement of the proposition is the most important. It implies that for a non-zero geoinet- 
sic phase the beam should necessarily vibrate about a non-straight line reference configuration. It follo\vs 
from expression (19) that  following the motion &( t )  = -1; - a; cos(wt + 4;) yields a steady-state geometric 
pha.se cha.nge negative to  that of (21). Therefore, in order to rotate the beam in the opposite direction it 
is sufficient to reverse the signs of ,uy and vg. 
Remark 4.1 Expression ( 2 5 )  ca.n be used in order to predict the sign and the value of the geometric 
phase. Consider a beam which has a square crossection with side size R. Assume that  two actuators at  
sl = - r L  and s2 = r L  where 0 5 T < 1 produce torques according to equation (20). Using two first modes 
in the series (25) yields 
where 
-We a.re now in a. position to  formulate a specific control strategy to accomplish the asymptotic ma- 
neuver. Starting a.t rest with 8 ( t o )  = 80 application of control law (20) results in a nonzero rotation over 
a period. By repetition of cycles of motion (21) as many times as necessary the beam can be causetl to  
rota.te closer and closer to  ed. As 8 ( t )  approa.ch 8,j we can reduce the anlplitude of the oscillatioi~s to zero 
in .a \vay so that 8 ( t )  - Bd as t + m. 
The proposed control law is of the form 
Z ( k - l ) x p  \vhere < t - to  < %, b = 1 , 2 , .  . .; that is, the control excitation is an amplitude nlod~il;lic(l 
fu~~ct ion,  wliere up, Ey are constants and ~k denotes the scalar amplitude modulation sequence that cicIi11~~3 
the control excitation on the b-th cycle. Each cycle is exactly p periods. 
- .  
The constants w, 67, 67 can be chosen nearly arbitrary, although one approach is to  choose iY, r; io 
maximize the geometric phase expression 
Since lzkl - 0 then q i ( t )  - 0.a.nd q; -- 0 as t  + cm. By continuity 8 ( t )  - BCon for some const.ant OC0" 
as t - m. We want to show that 8'On = dd .  
By contradiction. assume that BCon > 8d. Let 63 > 0 be sufficiently small so that 
- > O d .  C:\loose 
(3 so that 
Then, there exists an integer N3 such that for any k > N3 it follows that  < (3 and (8~"'  - O C o n ]  < 6,. 
Note that for any k > M3 + 1 and I > !Vg + 1 
and 
Thus, we conclude from (A2) that for any k ,  6 > N3 + 1 it follows that  c k  = E ,  # 0. Hence, we obtain 
a contradiction to the convergence of the sequence ~k to zero as k + co. Similar arguments lead to a 
contra.diction in case eCon < O d .  0 
Finally, it follo~vs from equations ( 2 8 )  and ( 2 3 )  that 
The controller which we have constructed has two functions. Its main function is to  excite the oscilla- 
tions of the beam in such a way so that the beam rotates in the desired sense. Subsequently, the controller 
serves to  suppress the vibrations previously excited so that the free-free beam comes to rest with a desirctl 
orientation. Note that control law ( 2 7 )  is a non-smooth feedback control law. 
5 .  NUMERICAL EXAMPLE 
Space structures can often be  nodel led as light and flexible beams. Consider a beam with half-lellgrl~ 
L = l [ i n ] ,  clensity per unit volume p = 1400[kg/m3]  and square crossection with the side size R = 0.1[11>] .  
Young's modulus of the beam is E = 3.0 x 1 0 ~ [ i ~ / m ~ ]  and the damping coefficient of Kelvin-Voigt danlpil~g 
is y = 0.2. Two actuators are installed near both ends of the beam at  T = 0.9. The maximal torque each 
of the actuators can produce is equal 1 0 0 [ N m ] .  The excitation frequency w = 13[Hz]  is selected t o  lic 
between the first lO.G[Hz] and the second 2 9 [ H z ]  resonant frequencies of the beam; 57 and E,", j = 1.2 ;\I.(, 
chosen using expression (26) to maximize the geometric phase change over one period. For this esa111l)lc 
we choose p = 5 and yl = yz = 0.9. We want to rotate the beam from 80 = O.l[rad] a t  t = 0 [.s;61:! to 
Od = O[rad]. The dependence of the angle 8 ( t )  [rad] on time t [sec]  is shownfor a part of the maneuvc,r i l l  
Fig. 2.  In this case the geometric pha.se change over one period in steady-state predicted by expressioll ( 2 f i )  
is eclual to -2.7465 x 10-"rnd] whereas its actual value is equal to -3.0411 x 10-"[rad]. The d e p e l ~ t l ~ ~ ~ ~ t . c ~  
of the control parameter z on time is shown in Figure 3. 
where ai ,  l , , $ , ,  i = 1 , .  . ., are related to fiy, C y , j  = 1 , .  . ., m according to espressions (22)-j24), and ~ y ,  6~
I 
are constrained by 
m m 
I C 5 a.,C < A. 
]=I ]=I 
In terms of 6?, G;, j = 1 , .  . . , m this is a constrained mathematical programming problem which is iilwar 
in 6: (for fixed rir) and quadratic ill 6; (for fined 6:). We will subsequently denote the masimu~n value or 
this constrained optimization problem as A@*. 
The modulation sequence c ~ k + l  is defined in terms of an "average" of B(t), over the k-th cycle, that is 
1 O z V e  = - (mas  e(t) + min 8( t ) )  
2 (2s) 
I 2(k-1)xp where the maximum and minimum are over 5 t - to 5 %. We also introduce two auxilary 
variables 8gue = $ and EO = sign (w). We express in terms of BiIel and €a-1 as indicated below: 
I 
1 ( A l )  Compute 
( A 2 )  In case Irk] 2 ] E ~ - ~ J ,  if rk and ck-l have the same signs then c ~ k  = ) ~ k - ~ l s i g n ( r ~ ) ;  if rk and z k - 1  have 
opposite signs then ~k = yllcck-llsign(rk), where 0 < yl < 1. 
I - ( A 3 )  If 0 < Irk/ < I E ~ - ~ ~  then cck = 72rk, where 0 < y2 < 1. 
# a  (A4)  If rk = 0 then cck = ~ k - ~  
Proposition 4.2 If the proposed cont;ol law is of the form (27) where ~k is selected according to 
steps (A1)-(A4) ,  then 
lim 8;"' = ed, lim ~k = 0. 
k-co k-oo 
Sketch of the Proof. The sequence lcckJ  is non-increa,sing a.nd bounded on [O,l]. Therefore, there exists 
b E [O. 1) such that b = infk lckl. We want to show that b = 0. 
b(1-max(r1'r2)) we can find an integer NI such that for By contradiction, assume b # 0. Then, for ( = 2max(r,,rz, 
all k > N1 1 ~ ~ 1  - b < <. From ( A 2 )  and ( A 3 )  we conclude that only two cases are possible: cck = b for all 
k > N1 or ~k = -6fora l l  k > N1. 
Assume that  the former case is true. Since the transient decays to zero and using continuity of 6' \\it11 
respect t o  q; and Qi we assert that for = 3b30O* there exists an integer N2 such that for any k > 3 . 2  
I ed-eye ed-eye 
, where AO* > 0. Note that ,e.2 > b3 > 0. Choosing an integer 1 so that  1 > 2~+ -k 1 we c&~clu~lc 
that 
Therefore, the former case can never occur. Similarly, we can verify that  the latter case also leacls to n 
contradiction. Hence, b = 0. 
6. CONCLUSION 
In this paper the angular momentum expression for a planar free-free beam in space is derived. It is 
shown how the general motion of the beam can be separated into rigid and elastic motions. The cha.nge 
of shape of the beam is described by the Euler-Bernoulli equation with free-free boundary conditions. 
Angular momentum conservation leads to the nonlinear dependence of the rigid motion on the shape of 
the beam. As shown this dependence is non-integrable in the sense that  a periodic change in shape of the 
beam results in a non-zero rotation of the beam over one period. Approximate relationships expressing the 
average rate of rotation of the beam in terms of the amplitudes and phases of periodic excitation of the 
beam by internal actuators are derived. Finally, a control strategy for a planar asymptotic reorientation 
maneuver is developed. 
A general treatment of the interplay between deformations and rotations of deformable bodies is given 
by Shapere and Wilczek.' Reyhanoglu and McClamroch8 have developed a framework for reorientation 
of multibody systems in space. In this paper, we have used the framework developed by Shapere and 
Wilczek for the specific problem of reorientation of a free-free beam in space; our results represent, in a 
certain sense, the limiting case of the multibody results obtained by Reyhanoglu and McClamroch when 
the number of bodies increases without limit. 
Although our study in this paper has been concerned with the ideal case of reorientation of a free-free 
beam in space, we note that the same ideas are applicable to  reorientation of a wide class of deformable space 
structures, using only actuators embedded into the structure. In this sense, smart structures technology 
can be used t o  accomplish a variety of efficient reorientation maneuvers for space structures. 
7. ACKNOWLEDGMENTS 
The authors greatfully acknowledge the support of the National Science Foundation under Research 
Grant No. MSS - 9114630 and of the National Aeronautics and Space Administration under Research 
Grant NAG - 1 - 1419. 
8. REFERENCES 
1. J .  Baillieul and M. Levi, "Constrained relative motions in rotational mechanics," Arch. Ratiorzcrl 
Mech. Anal., Vol. 115, pp. 101-135, 1991. 
2. E. Reisner, "On aone-dimensional finite strain beam theory: the plane problem," J. Appl. Math. Phys.. 
Vol. 23, pp. 795-804, 1972. 
3. J. C. Simo and L. Vu-Quoc, "On the dynamics in space of rods undergoing large motions-.I 
geometrically exact approach," Computer Methods in Applied Mechanics and Engineering, Vol. 66, pp. 12.5- 
161, North-Holland, 1988. 
4. Y. G. Fung, Foundations of Solid Mechanics, Prentice-Hall, 1965. 
5. L. Meirovitch, Analytical Methods in Vibrations, Macmillan, New York, 1967. 
6. C. E. Padilla and A. H. von Flotow, "Nonlinear strain-displacement relations and flexible multibody 
dynamics," J. Guidance, Control and Dynamics, Vol. 15, No. 1, pp. 125-161, 1992. 
7. A. Shapere and F. Wilczek, "Gauge kinematics of deformable bodies," Geometric Phases in Phy.sics. 
World Scientific, Singapore, pp. 449-460, 1989. 
8. M. Reyhanoglu and N. H. Mcclamroch, "Planar reorientation maneuvers of space multibody systems 
using internal controls," J. Guidance, Control and Dynamics, Vol. 15, No. 6, pp. 1475-,1480, 1992. 
Fig 1. Inertial, Moving and Material coordinate frames. 
line of 




1993 American Contml Confaence 
. . 
b 
EFFICIENT REORIENTATION OF A DEFORMABLE BODY IN 
SPACE: A FREE-FREE BEAM EXAMPLE 
Ilya V. Kol~llanovsky atid N.  Harris McClamroch* 5b 98 
Dept. of Aerospace Engineering 
I.iuiversity of 31ichigan: Ann Arbor: M I  48109-2140 
Abs t r ac t  
It is demonstrate? that the planar reorient,ation of 
a free-free beam In zero grav~ty spacp can  Iw ac- 
complished by period~cally changing the shape of t,hr 
beam using internal actuators. control scheme is 
proposed in which electromechanical actuators excite 
the flexible motion of the beam so that it rotates in 
the desired manner with respect to a fixed inertial 
reference. The results can pe viewed as an extension 
of previous work to a distr~buted parameter case. 
1. In t roduc t ion  
Following [a], we introduce the concept of a de- 
formable body, for which distances between the points 
of the body can chan e during the motion. Ex- fi amples of deformable odies include both lum ed 
and distributed parameter systems such as multienk 
rig~d body interconnect~ons and structures with dis- 
tr~buted flexibility. The orientation of a deformable 
body w ~ t h  respect to a fixed inertial reference can be 
specified by a choice of body frame. In general, there 
are many ways to choose a body frame. For exam- 
ple, In the case of planar motlon a body frame can be 
identified with any two distinct po~nts  In the body. 
The shape of a deformable body can be specified in 
terms of the pos~tion of the body relat~ve to the body 
frame. Thus, an arbitrary motion of a deformable 
body can be separated into rigid body motion and 
shape change. 
Assume that both linear and angular momenta about 
the center of mass of the body are conserved and 
equal to zero. These conditions hold if the body is 
in a circular orbit around the Earth or is in a free 
fall. As a consequence of angular momentum conser- 
vation, sha e change and the r~gid body motion are 
coupled. {his coupling .is inherently nonlinear. In 
particular, one may be ~nterested in inducing a ro-- 
tation of a deformable body with respect to a fixed 
inertial reference by periodically changing the shape 
of the body with internal (momenta preserving) actu- 
ators. Reorientation strategies for lumped parameter 
mechanical systems have been extensively studled in 
the literature [4 ,5 ,7 ,  81. Reorientation schemes based 
on the use of .internal ac,tuators require a minimal use 
of fuel to ach~eve the desired reorientation maneuver. 
'Tlus researcli was supported by tlie Natio~ial Science Foull- 
datio~i wider Research C;.ra~~t No. MSS-9114630 a i d  tlie Na- 
tional Aerollautics and Space Adnli~ustration wider Research 
(:;rant NAG-1-1419. 
In this paper we extend the aforementioned reorien- 
tation strategies to the case of flexible bodies. Ln 
particular, we are ~nterested In a planar reorlentat~on 
of a free-free beam in space uslng only electrome- 
chanical actuators. These electromechan~cal actua- 
tors, e.g. piezoelectric or shape memory actuators. 
do not change the angular momentum of the free- 
free beam but can be used to change the shape of the 
beam in a ~er iod ic  way. Assuming that the angular 
momentum of the beam is always zero, oscillations 
in the shape of the beam can cause a rotation of the 
beam with respect to a fixed inertial reference. The 
rotation of the beam over one period depends only on 
the shape of the beam over one period and does not 
depend on the len th of the period; hence this phe- 
nomenon is referre 8 to as a geometric phase change. 
The extension of existing strategies to the free-free 
beam case is not straightforward for several reasons. 
C:lassical models of uniform free-free flexible beams 
In zero gravity space result in complete decoupling 
of r~gid body motion and flexible~motion. Higher 
order nonlinear coupling between rigid body motion 
and flexible motion 1s captured in geometrically exact 
beam theones [9]. The resulting models, however, are 
complicated. The freefree beam is an infinite dimen- 
sional superarticulated system. Thus, an arbitrary 
shape change cannot be produced by a finite number 
of actuators. In addition, the body frame of the beam 
needs to be chosen so that the shape change is lnde- 
endent of the rigid body motion. Such a choice of 
gody frame is natural.for lumped.parame!er systems 
since var~ables spec~fylng or~enta t~on  are ~gnorable 
In this aper, we first address basic modelirlg is- 
sues. T [ e dynamics which determine the shape of 
the free-free beam are assumed to be characterized 
by the Euler-Bernoull! equation, including. material 
damping, with ap ropriate boundary cond~t~ons.  The 
higher order coupying between the rigid body motion 
and the flexible motion is ca tured using the angular 
momentum expression whlc 1 includes rotatory ~ner- 
tia and kinematically exact effects. A control schenie 
is proposed in which the actuators excite the flexible 
motion of the beam so that the beam rotates in the 
desired sense. 
2. A Planar Free-Free Beam Mode l  
Consider a uniform free-free beam of undefornletl 
length 2L in space with zero angular momentum aucl 
zero linear momentum. Referring to Fig. 1 the [no- 
tion of the beam is constrained to a plane defined I)! 
vectors (e l ,  Ss) where ( E l ,  4, Z3) is an orthonormal 
basis for an inertial frame whose origin is at  the cell- 
ter of mass of the beam. Let (;,j, k) be a rotat.ing 
frame with its origin fixed a t  the  origin of the iner- 
tial frame such that the vectors'ji: k )  lie in the plane 
( P , ,  Pa) and j = F?. The  straight line passing through 
the origin in the direction of vector k is called the 
reference line. Let the ,beam initially I)e a t  rest in a 
straight line configuration al~gned w ~ t h  the reference 
line. Then, the locat~on of each point on the line of 
mass centroids of the beam can be described in terms 
of the parameter s E [ - L ,  L]. This parameter s can 
be viewed as a label for each of the crossections. \,Ve 
assume that as the !)earn deforms t.he shape and the 
area of the crossectlons remain invariant. Following 
other researchers (1, 6, 91 we introduce three func- 
tions u(s, t ) ,  y(s. t) : [ -L.  L]  x !31 - :H and d : ( s .  t )  : 
[ - L ,  L]  x ?h? - T1 such that (u(s.  t )  + s .  y(s. t ) )  de- 
fine the coordinates of the line of centroids in the 
deformed configuration with respect to the moving 
frame ( i , i )  a t  time t .  The angle i(s. t )  Iwtween the 
normal to the crossection a t  s and E 3  specifies the 
orientation of the crossection-. The normal to the 
crossection a t  s is denoted by t3. We detine thp mate- 
rial basis ( f l ,  h, f3) to be orthonormal so that t lies in 
the plane ( e l ,  e3). The crossection itself can be asso- 
ciated with the set of points (€1, €2) in a compact set 
,-I c iK2 such that e1fl + t2 f2+(u(s ,  t ) + ~ ) k + ( ~ ( . s ,  t)) ;
ives the location of any point on the beam as €1 and 
f 2  vary through A and s varies from - L to L.  
Since the origin of the inertial frame is fixed a t  the 
center of mass of the beam we obtaln 
Let p denote the constant mass density per unit vol- 
ume of the beam. We assume that the beam has a 
symmetric crossection so that the first moment of in- 
ertia of the crossection about the line of centroids IS 
The seconcl moment of inertia of the crossection about 
the line of centroids. referred to as the rotatory iner- 
tia, is 
(4) 
and assumed to  be positive. The  mass per unit length 
of the crossection is given by 
We define the angle 0( t )  between F3 and i so that 
y(s. t )  measured from the reference line satisfies the 
following orthogonality condition 
The existence of the angle 8(t) follows from the ge- 
ometry indicated in Fig. l .  This definition provides a 
i 
.- 
separation between the motion which determines the 
shape of the beam, given by y(s, t ) ,  - L < s 5 L ,  and 
. the rotation of the beam as a whole. !g;ven by 0 ( t ) .  ; 
Fig 1. Planar Beam Model 
We next develop a kinematically exact ex ression for 
the angular momentum of the freefree (earn. Let 
p(s! <,, t 2 ,  0, t )  be the vector from the origin of the 
inertial frame to a point (s , t1 ,<2)  on the beam at 
time t ;  then 
cp = (ss inB+ ycosB+<lcoslC,+ usinB)el + 
(€2)e2 + (S cos 0 - El sin $ - y sin fl + u cos 8)?3 ( 7 )  - 
where 8 = B(t), y = y(s,t)  and $ = d ( s ,  t ) .  The 
angular momentum about the origin of the inertial 
frame a t  time t is zero so that  
Substituting equation (7)  into equation (8) and using 
- ~ 
equations (4) and (5) we can express in terms of 
y, u and cr as 
where n = $ - 8 is the angle between the normal I:, 
to the crossection a t  s and the reference line. 
Assume that the beam is unshearable and inextensi- 
ble and that the deformations are small. This implies. 
using equation (2), that  
and that 
n X y,. 
We use the Euler-Bernoulli beam model to  charac- 
terize the shape of the beam [ 3 ] .  Thus y(s, t )  satisfies 
the Euler-Bernoulli equation of the form 
with the boundary conditions . 
where I = Iz/p, E is Young's elasticity modulus. 6' is 
the distributional derivative of the delta function and 
where for simplicity we assume Kelvin-Voigt dam - R ing with a positive damping coefficient y.  In ad I- 
tion, y ( s , t )  must satisfy conditions ( 1 )  and (6). In- 
ternal bending torques vj ( t ) ,  j = 1. . . . . nt are pro- 
duced by m point actuators located at s = s, on the 
beam where s, E [- L ,  L]. These actuators change the 
shape of the beam but at the same time preserve the 
an ular momentum. Although such actrlators are ca- 
pafle of inducing relative1 small displacements one 
can excite the beam perioiically at n frequency near 
one of the lower resonant frequenc~es of the beam to 
obtain relat~vely large pe r~od~c  shape change 
IJsing expressions ( 6 ) ,  ( 10)  and ( 1 1 )  in equation ( 9 )  
we obtain 
where r = + 212L.  This expression demon- 
strates the nonlinear coupling between the beam's 
shape and its rigid body motion. Expression ( 1 5 )  is 
non-integrable in the sense that if y ( s ,  t )  is a periodic 
function of time, the integral of over one period is, 
in general, non-zero. 
We can expand the solution y(s ,  t )  to equation ( 1 2 )  
in the series 
where w i ( s ) ,  i =. I ,  2 ,  . . . are the orthonormal elastic 
mode shapes of the Euler-Bernoulli model. The solu- 
tion y(s ,  t )  satisfies equations ( 1 )  and (61,  which can 
be viewed as orthogonality conditions for the rigid 
body modes and elastic modes. Expansion ( 1 6 )  pro- 
vides the modal description 
Equation ( 1 2 ) ,  or equivalently equation ( 1 7 ) ,  deter- 
mines the shape of the beam and is called the shape 
space equation. Substituting equation ( 1 6 )  into equa- 
tion ( 1 5 )  we obtain 
where Ji = w i ( L )  - w i ( - L ) .  We note tha t  ( 1 8 )  is, 
in general, non-integrable for any truncation of the 
-infinite series in ( 1 6 ) .  
3. Asylnpto t ic  Reorientat ion Malleuvers 
The goal is to accomplish asymptotic maneuvers, i.e. 
starting with O(to)  = 80 ,  ~ ( s .  t o )  = y t ( s , t o )  = 0  we 
want to rotate t,he beam so that 9 ( t )  - O d !  y ( s ,  t )  - 0 
and y; (s ,  t )  - O as t  -- for some desired angle Bd. 
Consider the periodic excitation of the beam at a sin- 
gle frequency u as 
Since the shape space dynamics of the free-free beam 
is asymptotically stable, the steady-state motion of 
the beam is given by 
where the parameters 1,; ai and di  can be expressetl i n  
terms of v l  and u: according to equation ( 1 7 ) .  Tlir 
excitation function ( 1 9 )  should be sufficiently small 
so that the Euler-Bernoulli model for the shape space 
dynamics remains- valid. Substituting equation ( 2 0 )  
into equation ( 1 8 )  and integrating over one period we 
obtain the steady-state change in angle 8 over one 
period is given by 
for constants 'co, c;l, ~ 2 ,  x O ,  X I  and ~ 2 .  Expres- 
sion (21) implies that, in general, the change in angle 
8 in steady-state over one period is non-zero, thereby 
proving that a periodic change in sha e of the beam I results in a rotation of the beam. T e steady-state 
difference 8 ( % )  - 8 ( 0 )  is referred to  as the geometric 
phase. If Czl  q: is small as compared with r ,  we 
can approximate 
and thus using equation ( 2 0 )  we obtain 
w 
I i = l  j = ~ , j # j  
( 2 2 )  
Although the geometric phase is generally non-zero. . 
there are cases when the geometric phase is zero. 
Propos i t ion  4.1 Assume that the steady-state nio- 
tion of the beam is described by equation ( 2 0 ) .  Then. 
8 ( % )  - O(0)  = 0  if any of the following conditions 
hold: 
1.  ni = 0  for all i 
2 .  li = 0  for all i 
3 .  d i  = 4, for all i , j  
The second statement of the proposition is the most 
important. It implies that for a non-zero geomet>rlr 
phase the beam should necessarily vibrate about a 
non-straight line reference configuration. It follows 
from expression ( 18) that in order to rotate the bean1 
in the opposite direction it is sufficient to reverse t,he 
signs of u y  and vy . 
CVe are now in a position t o  formulate a specific con- 
trol strategy to accomplish the desired asymptotic 
maneuver. Starting a t  rest with d(tn) = 80 applica- 
tion of control law (19) results in a nonzero geometric 
phase change over one period. By repetition of cycles 
of motion as many times as necessary the beam can 
be caused to rotate closer and closer to H.,. .As H ( 1 )  
approach Bd we can reduce the amplitude of the oscil- 
lations to zero in a way so that  B(t) - %.! as t - x. 
The proposed control law is of the form 
where < t - t o  < y. k = 1 .2  . . . .  : that 
is, the control excitation is an amplitude modulated 
function, where G;, i?7 are constants and ~k clenotes 
the scalar amplitude modulation sequence that de- 
fines the control excitation on the k-th cycle. Each 
cycle is exactly p periods. The  constants sl, 69, 67 can 
be chosen nearly arbitrary, although one approach is 
to choose G;, 67 to maximize geometric phase expres- 
sion (22) where ni, li, bi, i = 1,. . . : are related to 6 9 ,  
uw, j = I ,  . . . , m according to expressions (20) and I 
( IT) ,  and 68, 57 are constrained in norm. In terms 
of fiy, 6y, j = 1 , .  . . , n1 this is a constrained mathe- 
, J 
matical programming problem which is linear in 69 
(for fixed 67) and quadratic in 67 (for fixed 68). We 
will subsequently denote the maximum value of this 
constrained optimization problem as Ad'. 
The modulation sequence C ~ + L  is defined in terms of 
an average of B(t), over the k-th cycle, that  is 
where ttie nlaximum ant1 minimurn are over 
? l k - 1  I X P  
U' <_ t - t o  5 F. We also introduce two 4 - s ,  
auxilary variables 0;"' = 80 and EO = sign ( ) .  
CVe express _ck in terms of 8:"_', and ~ k -  1 as indicated 
below: 
( A l )  C:ornpute 
( A 2 )  In case lrkl >_ 1 ~ ~ - , 1 ,  if rk . and  zk-1 have 
the same signs then ~k = IE~-l ls ign(r t ) ;  if 
rk and ~ k - 1  have opposite signs then ~k = 
y1 I E ~ -  L (sign(rk), where 0 < y~ < 1 .  
( A 3 )  If 0 < lrkl < ~ E ~ - , I  then ~k = -f?rk, where 
o < y * <  1. 
( A 4 )  If rk = 0 then ~k = ~ k - 1 .  
- 
P r o p o s i t i o n  4.2 If the proposed co~ltrol law is 
of the form ( 2 3 )  where ~k is selected according to 
steps ( A 1 ) - ( A 4 ) .  then 
lim 8;"' = Bd: lim ~k = 0 
k - , u  k - , x  
S k e t c h  of  t h e  Proof .  The sequence is non- 
increasing and bounded on [O, I]. Therefore, there 
exists b E [o. I] such that b = infk ~t call I)e 
shown that by construction of the sequence b nlLrst 
I)e zero. 
Since J c k J  - O then qi(t) - 0 and Qi - 0 as t - x. 
By continuity B(t) - 8'"" for some constant 
t - x. It can be shown that BCO" = Bd. 
3 
Finally, it follows from equations (24) and ('LO) that 
lim B(t) = Od, lim 
t-SU 
The controller which we have constructed has two 
functions. Its main function is to excite the osc~l- 
lations of the beam in such a way that the beam 
rotates in the desired sense. Subsequently,. the con- 
troller serves to suppress the vibrations prev~ously ex- 
cited so that the free-ftee beam comes to  rest wlth a 
desired orientation. Note that control law (23) is a - 
non-smooth feedback control law [2]. 
4. N u m e r i c a l  E x a u p l e  
Consider a beam with half-length L = l[nt], den- 
sity per unit volume p = 1400[kg/ni3] and square 
crossection with the side size R = O.l[m]. Young's 
modulus of the beam is E = 3.0 x 106[N/nl?] and 
the Kelvin-Voigt damping coefficient is y = 0.2. Two 
actuators are installed near both ends of the brat11 
a t  sl = -0.9[nt] and s? = 0.9[n1]. The  maximal 
t,orrlue earti of the actuators can produce is equal t o  
100[.L'nt]. The excitation frequency w = 13[H z ]  is s r -  
lected to lie between the first 10.6[H:] and the second 
29[H:] resonant frequencies of the beam; 6: and C:. 
- - 
j = 1.2 are chosen using expression (22) to rnaxlnllze 
the geometric phase chan e over one period. For t h ~ s  
example we choose p = ! and 71 = 72 = 0.9. Tlw 
first four elastlc modes of the beam are used in otlr 
simulation. 
We want to rotate the beam from Bo = O.l[rad] ;it 
t = O[.sec] to  Bd = O[rad]. The dependence of the 
angle B(t)[rnn] on time t[sec] is shown for a part l.lt 
the maneuver in Fig. 2. In this case the geornetr~~. 
phase change over one period In steady-state prp- 
dicted by expression (22) is equal to -2.7165 x 
[ran] whereas its actual simulation value is equal t l l  
-3.041 1 x [rad]. The  dependence of the [ r ~ o t l -  . 
ulation parameter E on time is shown in Figure i 
Fig 2. Asymptotic Reorientation Maneuver 
.IJI I 
0 50 100 150 200 UO 300 
Time scc 
Fig 3.  Amplitutle Modulation Sequence 
5. C o n c l u s i o n  
In this paper the angular momentum ex ression for a 
lanar free-free beam in space is derivecf It is shown 
[ow the eneral motion of the beam can be separated 
into rigif and elastic motions. The change of shape 
of the beam is described by the Euler-Bernoulli equa- 
tion with free-free boundary conditions. Angular mo- 
mentum conservation leads to  the nonlinear depen- 
dence of the rigid motion on the shape of the beam. 
As shown this dependence is non-integrable in the 
sense that  a periodic change in shape of the beam 
results in a no?-zero rotation of the beam over one 
period. Approxlmate relationships expressing the av- 
erage rate of rotation of the beam in terms of the 
amplitudes and phases of periodic excitation of the 
beam by internal actuators are derived. Finally, a 
control strate y for a planar asymptotic reorientation 
maneuver is feveloped. 
A general treatment of the interplay between defor- 
mations and rotations of deformable bodies is given 
by Shapbre and Wilczek [8]. Reyhanoglu and Mc- 
C:lamroch [7] have developed a framework for reorien- 
tation of multibody systems in space. In this paper, 
we have used the framework developed by Shapere 
and Wilczek for the specific problem of reorientation 
of a free-free beam in s,pace; our results re resent, in 
a certain sense, the limitlng case of the mu f' tibody re- 
sults obtained by Reyhanoglu and McClamroch when 
the number of bodies increases w~thout  limit. 
Although our study in this paper has been concerned 
with the ideal case of reorientation of a free-free beam 
in space, we note that  the same ldeas are applicable 
to reorientation of a wlde class of deformable space 
structures, tising only actuators embedded Into the 
structure. In thls sense, smart structures technology 
can be used to accomplish a variety of efficient reorl- 
entation maneuvers for space structures. 
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Abstract 
It is well known that three momentum wheel 
actuators can be used to control the attitude of a 
rigid spacecraft and that arbitrary reorientation 
maneuvers of the spacecraft can be accomplished. If 
failure of one of the momentum wheel actuators 
occurs, it is commonly thought that attitude control 
is not possible using only two momentum wheel 
actuators. In this paper, we demonstrate that, in fact, 
two momentum wheel actuators can be used to con- 
trol the attitude of a rigid spacecraft and that arbi- 
trary reorientation maneuvers of the spacecraft can 
be accomplished in a specific sense. The complete 
spacecraft dynamics cannot be stabilized to an equili- 
brium attitude. However, the spacecraft equations 
are small time locally controllable in a reduced non- 
linear sense. The reduced spacecraft dynamics can- 
not be asymptotically stabilized to an equilibrium 
attitude using a time-invariant continuous feedback 
control law, but a discontinuous feedback conml 
strategy is constructed which asymptotically stabil- 
izes an equilibrium attitude of the spacecraft Conse- 
quently, arbitrary reorientation of the spacecraft can 
be accomplished using this discontinuous feedback 
control strategy. 
1. Introduction 
The attitude stabilization problem of a rigid 
spacecraft using only two conml torques supplied 
by momentum wheel actuators is revisited. Although 
a rigid spacecraft in general is contmlled by three 
independent actuators, the situation considered in this 
paper may arise due to the failure of one of the 
actuators of the spacecraft. Since we are considering 
a space-based system, the problem considered here, 
namely, the attitude stabilization of a spacecraft 
operating in an actuator failure mode, is an important 
control problem. 
In this paper, we consider the attitude stabiliza- 
tion of a spacecraft using control toques supplied by 
two momentum wheel actuaton about axes sparzning 
a two dimensional plane orthogonal to a principal 
a*s. The linearization of the complete spacecraft 
dynamic equations at any equilibrium attitude has an 
uncontrollable eigenvalue at the origin Conse- 
quently, controllability and stabilizability properties 
of the spacecraft cannot be inferred using classical 
linearization ideas. Moreover, a limar feedback con- 
trol law cannot be used to asymptotically stabilize 
the spacecraft to an equilibrium attitude. It is shown 
that the complete spacecraft dynamics controlled by 
two momentum wheel actuatols is not controllable at 
any equilibrium attitude. Thus any equilibrium atti- 
tude of the complete spacecraft dynamics is not sta- 
bilizable. Under some rather weak assumptions, thC 
spacecraft dynamic equations are shown to have a 
nonintegrable motion invariant, so that they fa! 
within the class of nonlinear control systems previ- 
ously studied4. A coordinate transformation is made 
and feedback is then used to obtain a nonlinear con- 
trol model in a normal form. The linearization of the 
normal form equations at an equilibrium has an 
uncontrollable eigenvalue at the origin. Based on 
analysis of the normal form equations, the spacecraft 
dynamics are small time locally controllable at any 
equilibrium attitude in a reduced sense. The reduced 
spacecraft dynamics cannot be asymptotically stabil- 
ized to an equilibrium attitude using time-invariant 
continuous feedback. Nevertheless, a discontinuous 
feedback conml strategy is constructed which 
achieves reorientation of the spacecraft. The feed- 
back control strategy is based on geometric phase, 
which is due to the presence of a nonintegrable 
invariant of the spacecraft motion. 
Copyright 8 1992 by the International Astonautical Federation. All rights reserved. 
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2. Kinematic and ~Jnarn ic  Equations 
Kinematic Equations 
The orientation of a rigid spacecraft can be 
specified using various paramebizations of the spe- 
cial orthogonal group SO(3). Here we use the fol- 
lowing Euler angle convention. Consider an inertial 
X I  X 2  X 3  coordinate frame; let x l  x2 x3 be a coordi- 
nate frame aligned with the principal axes of the 
spacecraft with origin at the center of mass of the 
spacecraft. If the two frames are initially coincident, 
a series of three rotations about the body axes, per- 
formed in the proper sequence. is sufficient to allow 
the spacecraft to reach any orientation. The three 
rotations are: 
a positive rotation of frame X 1  X 2  X1 by an 
angle y about the X 3  axis; let x l  x2 x3 
denote the resulting coordinate frame; 
, , ,  
a positive rotation of frame x l  x 2  x2 by 
angle 0 about the xi axis; let x l  x2 x3 
denote the resulting frame; 
,. , ., 
a positive rotation $f frame x  x2 x3 by an 
angle g about the x ,  axis; let x l  x2 x3 denote 
the final coordinate frarne. 
A rotation mauix R relates components of a vector 
in the inertial frame to components of the same vec- 
tor in the body frame; in terms of the Euler angles a 
rotation matrix is of the form 
where cy = cos(y), s y  = sin(y). We assume that 
the Euler angles are limited to the ranges 
-x < w < x, -x/2 < 0 < x/2. -x < g < x. Suppose 
ol .  02, 0 3  are the principal axis components of the 
absolute angular velocity vector o of the spacecraft. 
Then expressions for ol, 02. 3 are given by 
y = ecosg + Wcose sing. (2.2) 
By excluding the case where 8 = f ld2, these equa- 
tions are invertible. Thus we can solve for Q, 8, y 
in terms of a,, q, q obtaining 
Next we consider the dynamic 'equations 
which describe the evolution of the angular velocity 
components of the spacecraft. 
Dynamic Equations 
Consider a rigid spacecraft with two momen- 
tum wheel actuators spinning about axes defined by 
unit vectors b l ,  b 2  fixed in the spacecraft such that 
the center of mass of the i-th wheel lies on the axis 
delined by b i ,  and a ~ ~ n t m l  toque - u ' ~  is supplied 
to the i-th wheel about the axis defined by bi by a 
motor fixed in the spacecraft. Consequently, an 
equal and opposite torque u'i is exerred by the 
wheel on the spacecraft. We refer to the spacecraft 
and the two wheels as body I ,  body 2 and body 3 
respectively. Let Ci denote a coordinate frame 
aligned with the principal axes at the center of mass 
of body i .  We assume that bi defines a principal 
axis for the i -th wheel which is symmevic about bi .  
Further b ,  and b 2  span a two dimensional plane 
which is orthogonal to a principal axis of the space- 
craft. Without loss of generality bi are assumed to 
be of the fom' 
Let Ii denote the inertia tensor of body i in 
the coordinate frame C 1 .  The mass of body i is 
denoted as mi and p! denotes the position vector, 
expressed in the C 1  frame, of the center of mass of 
body i with respect to the center of mass of the 
whole system. Let o denote the absolute angular 
velocity of the spacecraft expressed in the spacecraft 
body frame. By the definition of the center of mass, 
we have 
and from the location of the wheels 
where (d ,.d 2 . ~ ) T  and ( d 3 d 4 , ~ ) r  are position vectors 
of the center of mass of body 2 and body 3 respec- 
tively. relative to the frame C 1 .  Funher manipula- 
tion of equations (2.8)-(2.10) gives 
where m = m l  + m 2 + m 3 .  We denote p! as 
1 pi = (ci l. ciz. o ) ~ .  The total angular momentum 
vector of the system is given, in the spacecraft body 
frame, by 
where 
I, = block diag(lzl, lu), (2.19) 
I ,  = block diag(131, f32), (2.20) 
where Izl ,  131 are invertible 2 x 2 matrices, 
I ,  1 12, 1 13, I*, 132 are nonzero real numbers, j l  is 
the moment of inenia of body 2 about the axis 
defined by b l ,  j 2  is the moment of inenia of body 3 
about the axis defined by b2, and el. O2 are the 
angles of rotation of the wheels about the axes 
defined by b and b2  respectively. Here H denotes 
the angular momentum vector of the system 
expressed in the inertial coordinate frame. The 
angular momentum vector H is a constant since 
there is no external moment about the center of mass 
of the system. Suppose u ' ~  and u t 2  are the control 
torques; then 
Differentiating (2.1 1) we obtain 
3 
where H is a constant vector. Note that I ,  + CI;~ 
i= l  
represents the moment of inertia of the system w i b  
the momentum wheels replaced by point masses and 
is hence positive definite. The matrices li - 4 ,  
i = 2, 3 are positive semidefinite and block diagonaL 
Therefore J is a positive definite matrix and hence 
invertible. In fact J is of the form 
J = block diag (J1, Jz), (2.23) 
where J1 is an invertible 2 X 2 matrix and J 2  is a 
nonzero real number. 
3. Controllability and Stabilizability of 
Complete Spacecraft Dynamics 
In this section we consider the controllability 
and stabilizablity properties of the complete space- 
craft spacecraft dynamics controlled by two momen- 
tum wheel actuators. Define 
From Section 2 the complete spacecraft dynamics 
can be rewritten as 
r 1 
y = %sin$ sece + q c o s 4  sece (3.4) 
where H is a constant vector. From equation (2.21) 
and 
c = (0, 0, I ) ~ ,  ( 3 . 5 )  
T we have c*; = 0; hence c v = a where a is a 
constant. Therefore from equation (2.1 1) we have 
Since H is also a constant. this equation represents 3 
constraint on the motion of the spacecraft inespec- 
rive of the controls applied. Thus we conclude that 
the complete spacecraft dynamics is not controllable. 
Moreover this implies that the complete spacecraft 
dynamics cannot be stabilized to an equilibrium atti- 
tude. 
4. Controllability and Stabilizability of 
Restricted Spacecraft Dynamics 
From the analysis made in Section 3, we find 
that the complete dynamics of a spacecraft controlled 
by two control toques supplied by momentum wheel 
actuators fail to be contmllable In this section we 
ask the following question: what restricted control 
and stabilization properties of the spacecraft can be 
demonstrated in this case? Our analysis begins by 
demonstrating that, under appropriate restrictions of 
interest, the spacecraft equations can be expressed in 
a special form that we previously studied. Restricted 
controllability and stabilizability properties follow as 
a consequence of previous work. 
Normal Form Equations 
We consider the equations (3.1)-(3.4) describ- 
ing the motion of a spacecraft controlled by input 
torques supplied by two momentum wheel actuators 
about axes spanning a two dimensional plane onhog- 
onal to a principal axis. Suppose the angular 
momentum vector H of the system is zero. From 
equations (2.1 1). (2.14) and (2.23) it follows that the 
angular velocity component of the spacecraft about 
the uncontrolled principal axis is identically zero, i.e. 
q = 0. Under such a restriction, the reduced space- 
craft dynamics are described by 
According to equation (2.3). the condition that 
03 = 0 implies that 
this represents a nonintegrable invariant of the space- 
craft motion. Therefore the reduced spacecraft 
dynamic equations define a nonlinear control system 
of the form studied earlier4. Now consider a 
diffeomorphism defined by 
The state equations (4.1)-(4.5) in the new variables 
are given by 
If we now define the feedback relations 
then the reduced spacecraft dynamics are described 
by normal form equations 
Note that the origin of equations (4.1)-(4.5) 
corresponds to the origin of the normal fonn equa- 
tions (4.18)-(4.22). The following results are based 
on the normal form equations above and follow 
direct1 from general results in the work of Bloch, 2 et. al. . 
Theorem 4.1: The reduced dynamics of a spacecraft 
controlled by two momentum wheel actuators as 
described by equations (4.1)-(4.5) are small time 
locally controllable at any equilibrium. 
Theorem 4.2: The reduced dynamics of a spacecraft 
controlled by two momentum wheel actuators as 
described by equations (4.1)-(4.5) cannot be asymp- 
totically stabilized to an equilibrium using a time- 
invariant continuous feedback control law. 
Theorem 4.3: The reduced dynamics of a spacecraft 
controlled by two momentum wheel actuators as 
described by equations (4.1)-(4.5) can be asymptoti- 
cally stabilized to the one dimensional equilibrium 
manifold . . 
using a smooth feedback control law given by (4.17) 
with v , and v 2  given by 
where k l l  > 0, k12 > 0, k2, > 0. k22 > 0 and yl, y2, 
y3, yq are defined by (4.7)-(4.11). 
The implications of the properties stated above 
are as follows. Suppose the angular momentum vec- 
tor H is zero. Then the spacecraft controlled by two 
momentum wheel actuators as described by equa- 
tions (3.1)-(3.4) can be controlled ' to any isolated 
equilibrium attitude. However, any time-invariant 
feedback conml law that asymptotically stabilizes 
the spacecraft to an isolated equilibrium attitude 
must necessarily be discontinuous. Thus arbitrary 
reorientation of the spacecraft can be achieved under 
the restriction H = 0; if H # 0, reorientation of the 
spacecraft to an equilibrium attitude cannot be 
achieved. 
5. Feedback Stabilization Algorithm 
We restrict our study to the class of discon- 
tinuous feedback controllers in order to asymptoti- 
cally stabilize the reduced spacecraft dynamics 
described by state equations (4.1)-(4.5). Clearly, 
traditional nonlinear control design methods are of 
no use. However, an algorithm generating a discon- 
tinuous feedback control which asymptotically stabil- 
izes an equilibrium can be constructed, as suggested 
by the controllability properties of the system. 
Without loss of generality, we assume that the 
equilibrium to be stabilized is the origin Asymptotic 
stabilization of equations (4.1)-(4.5) to the origin is 
equivalent to asymptotic stabilization of the normal 
form equations (4.18)-(4.22) to the origin; hence we 
consider asymptotic stabilization of the normal form 
equations. 
From equation (4.22) we find that if the space- 
craft motion defines a closed path y in the (Y , ,y 3) 
space then 
where AY; is the change in the variable y~ or the 
geometric phase9 corresponding to the path y. This 
relationship is the basis for control of the system to 
the origin using (discontinuous) feedback. 
First, transfer the initial state of the normal form 
equations (4.18)-(4.22) to the state (o,o,o,o,~~ ), for 
some y :  , in finite time. 
Next, traverse a closed path Y in the (y ,y3)  space in 
finite time. where the path y is selected to satisfy 
Note that the execution of the first maneuver 
is classical. Execution of the second maneuver 
requires explicit characterization of a closed path y 
which produces the desired path integral. Since 
yldy3 is not exact, such a path necessarily exists; 
and there are many such closed paths. Here we con- 
sider a wtangular path y in the (y1y3) Space formed 
by line segments from (0.0) to.6; .0), from (y ; .O) to 
(y;,y;). from 01 ;~ ; )  to (0.~31, and from (0.y;) to 
(0.0). For such a path, the line integral in equation 
(5.2) can be explicitly evaluated as y;y; so that 
equation (5.2) becomes 
and the parameters y; and y; specifying the particu- 
lar rectangular path are chosen to satisfy the above 
equation. Note that this selection guarantees that at 
the end of the maneuver, ys = 0. Since the path y is 
closed, y , = 0, y3 = 0 at the end of the maneuver. 
The sequential implementation of the two maneuvers 
guarantees, by construction, that any initial state of 
the normal form equations is tranferred to the origin 
in finite time. 
We now present a specific feedback control 
algorithm which asymptotically stabilizes the space- 
craft to the origin; this feedback conml algorithm 
implements the approach just described. 
Throughout, assume k > 0, and define 
x21 x2I (x, + -- 0 and x z  > 01 
2k 
o if (xI  = O  and x ~ = o )  
We use the well-known property that the feedback 
control 
for the system 
x2=  U 
transfers any initial state to the final state (x',,O) in 
6. Simulation finite time. 
7. Step 0: ~ f , ~ :  2 0, choose y; = -y; = d 6 J 5  ), else 
choose y; = y; = d m ' ;  then go to Step 1. 
Step 1: Set 
until (y1.y2,y3,y4) = (y; ,0,0.0); then go to Step 2. 
Step 2: Set 
until (y l,y2,y3,y4) = O; .0.y; .0); then go to Step 3. 
Step 3: Set 
until (y 1.y2,y3.y4) = ( 0 . 0 ~ ;  .O); then go to Step 4. 
Step 4: Set 
until 6J lry 2,y 3.y 4) = (0.0.0.0); then go to Step 0. 
The most natural way to initialize the control 
algorithm is to begin with Step 4 since the control 
inputs do not depend on the values of y; and y; in 
that step. It can be verified that the execution of Step 
4 transfers the initial state of the normal form equa- 
tions to the state (o,o,o,o,~~), for some y i ,  in finite 
time. Execution of Steps 0 through 4 then transfers 
the state (o ,o ,o ,o ,~~)  to the origin in finite time. 
This control algorithm is nonclassical and involves 
switching between various feedback functions. 
Justification that the constructed control algorithm 
globally asymptotically stabilizes the origin of the 
normal form equations (4.18)-(4.22) follows as a 
consequence of the construction pwedure. Since 
stabilization of the normal form equations to the on- 
gin is equivalent to stabilization of the state equa- 
tions (4.1)-(4.5) to the origin, we conclude that the 
control inputs u and u 2  given by equation (4.17) 
with v l  and v 2  defined by the above control algo- 
rithm asymptotically stabilizes the reduced spacecraft 
dynamics described by equations (4.1)-(4.5) to the 
equilibrium ( c o ~ . w ~ , $ , ~ , ~ )  = (0,0,0,0,0) in finite time. 
We illusuate the results of the paper using an 
example. Consider a rigid spacecraft wilh no conml 
torque about the third principal axis and two control 
toques. generated by momentum whel actuators, 
are applied about the other two principal axes. The 
complete dynamics of the spacecraft system defined 
by equations (3.1)-(3.4) cannot be asymptotically sta- 
bilized, but we consider the restriction that ~ angu- 
lar momentum vector H = 0. Consequently, we are 
interested in asymptotically stabilizing the restricted 
spacecraft dynamics described by equations (4.1)- 
(4.5) to the equilibrium (01,%,+,0,~) = (0,0,0,0.0). 
Here we present a simulation of equations (4.1)- 
(4.5). The spacecraft is initially at rest (i.e. op = 
q0 = 0) with an initial orientation given by the Euler 
angles 4' = R. 8' = 0.2% and y&' = -0.5~. The ini- 
tial state of the s stem cornsponds to an initial state 
O O O O B  (y 1 ,y 2 ,y 3 ,y 4 ,Y ) = (- 0.88 1,0,ff,0,-0.5x) for the 
normal form equations (4.18>(4.22). A computer 
implementation of the feedback control algorithm 
specified in Section 5 was used to asymptotically 
stabilize the equilibrium. The value of the gain k 
was chosen as 1. The algorithm was initialized at 
Step 4. The simulations are shown in Fig. 1 through 
Fig. 5. At t = 3.55 seconds, which is the end of 
Step 4, y: =Yi = y j  =y: = O  and yj = -  1.118. 
The desired geometric phase is produced by travers- 
ing a squm path in the (y ,a3) Space with 
* = 1.057, which is calculated from Step 0. Y; = Y 3  
At t = 5.6 seconds, which is the end of Step 1, 
Y 1 =  1.057, y2 = y3 = y4 = 0, and y~ remains at 
-1.1 18. At t = 7.66 seconds. which is the end of 
Step 2, y ,  and y2 remain the same while y3 = 1.057. 
y4 = 0 and y5 = 0. At t = 9.71 seconds, which is the 
end of Step 3, y 1 = y2 = 0, y3 = 1.057, Y 4 = 0 and 
y5 = 0. Finally at t = 11.77 seconds, which is the 
end of Step 4, yl = y2 = y3 = y4 = Ys = 0. 'T'hus 
ol = % = I$ = 0 = w = 0 after a total maneuver time 
of 1 1.77 seconds. Three dimensional visualization 
schemes have been developed using a Silicon Graph- 
ics Iris work station in order to display the reorienta- 
tion maneuvers of the spacecraft. 
7. Conclusion 
The attitude stabilization problem of a space- 
craft using control toques supplied by two momcn- 
tum wheel actuators about axes spanning a two 
dimensional plane orthogonal to a principal axis has 
been considered. The complete spacecraft dynamics 
are not controllable. However, the spacecraft dynam- 
ics are small time locally controllable in a reduced 
sense. The reduced spacecraft dynamics cannot be 
asymptotically stabilized using continuous feedback, 
but a discontinuous feedback control strategy h w  
I AF-Y 2-0035 
been constructed which stabilizes the spacecraft (in 
the reduced sense) to the equilibrium attitude in 
finite time. The results of the paper show that 
although standard control techniques do not apply, it 
is possible to consuuct a control law based on the 
particular spacecraft dynamics. 
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Abstract 
A source of  space station attitude disturbances is identified. The 
attitude disturbance is driven by internal space station motions 
and is a direct result of conservation of angular momentum. 
Three examples are used to illustrate the effect: a planar three 
link system, a rigid camer body with two moveable masses, and 
a nonplanar five link system. Simulation results are given to 
show the magnitude of the attitude change in each example. 
Factors which accentuate o r  attenuate this disturbance effect arc 
discussed. 
Introduction 
A variety of nonclassical, inherently nonlinear dynamic modelling 
and control problems have been investigated recently. These 
investigations have revealed new possibilities for controlling 
cemin systems and new explanations for certain sources of 
disturbances. These ideas are directly related to control and 
. disturbance analyses for the space station. 
For example, a planar multilink system can be reoriented to'an 
arbitrary attitude using only internal motions [I], [2]. Internal 
motions are executed in the shape space, defmed by the relative 
angles of the links, to achieve a desired change in the absolute 
orientation. This effect can be extended to nonplanar multibody 
systems (as shown in an example given later) to allow arbitrary 
reorientation. 
An example [3] of a rigid body with point mass oscillators also 
illustrates this effect. In this example, point masses move in slots 
at controlled rates. The model was motivated by the attitude driA 
of the Hubble Space Telescope due to thermally excited solar 
panel vibrations. 
These examples and other space and non-space related examples 
[4], [5] illustrate the basic phenomena: that internal motions for 
a multibody system for which angular momentum is conserved 
can give rise to absolute orientation changes of the multibody 
system. In our case, we arc interested in exploiting our insight 
into this phenomena to study potential attitude disturbances to the 
space station due to internal motions. Internal motions are the 
relative motions of the system sub-structures, payloads, and 
modules with respect to each other. 
This paper illustrates these effects for the space station through 
several examples. These examples serve to illustrate the 
magnitude of this disturbance effect, as well as to distinguish this 
disturbance from other disturbances such as atmospheric drag and 
solar wind. The emphasis in this paper is on internal motions of 
the space station, driven externally or internally, which can result 
in,an attitude change of the space station. 
Space Station and Large Space Structures 
Design of the space station (or other large spacecraft structures) 
is presented with compding requirements. Of particular focus 
here is the requirement to maintain stable pointing of the overall 
structure in the presence of additional requirements to point 
antennas and payloads. stabilize appendages, and conduct internal 
operations. For instance, the momentum management and 
attitude control system for the space station must provide space 
station attitude control within 5 deg of the local vertical and local 
horizontal lines, with an attitude rate boundary of 0.02 deglsec. 
The design goal for nominal operation is to maintain the station 
attitude excursion to less than 0.2 deg from the average 
equilibrium attitude and the total attitude within 5 deg of the local 
vertical and local horizontal lines. The attitude excursion is 
relaxed to 1 deg during attitude seeking [a. Nominal operations, 
however, include astronaut activities. solar panel actuation, 
antenna actuation, and many other potential disturbances. 
We are interested in exploring a particular class of disturbances 
that can modify the attitude of the space station. Some elements 
of the space station that may produce such attitude disturbance 
effects include: 
1) Motions of flexible bodies, such as solar arrays, cbnnecting 
beam structures, and laboratory modules, excited by external or  
internal forces. These motions can change over t h e  due to 
thermal effects and flexibility effects. 
2) Manipulated elements such as antennas, robot arms, solar 
panels, solar dynamic power concentrators, attached pointing 
payloads, and new station segments added through construction. 
The space station design includes several elements which are 
manipulated independently of one another, through a dedicated 
local control system. The overall effect of these independent 
manipulations will cause the system shape, as described by the 
relative orientations of manipulated elements, to change with 
time. Also, during construction large elements are manipulated 
This rcacuch w u  r u p p o d  by NSF g M t  NO. MSS-9114630 
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into place to define new overall configurations. 
3) Internal motions of astronauts, servicing robots, 
centrifuges, and circulating pumps. For the space station, a 
servicing robot has been discussed that would traverse the beam 
sections of the space station. 
Effects of the above three classes of configuration changes are 
illustrated by three examples. 
Example 1: Planar Three Link Model 
Consider a planar model of a space station with central body and 
two rigid appendages (figure 1). Appendages could represent 
mechanical links, such as the space station beta joints, or they 
could represent a lumped parameter approximation of a large 
flexible structure. The model is characterized by ( I )  the distance 
between each link center of mass and the connecting link hinge 
1 iw 1 
a l l  t t n r  2 
Figure 1: Planar Three Link System 
points, (2) the mass and inertia of each link. The appendages are 
restricted to move as rotational links only. The configuration 
space is given by the two hinge angles ($,, $3 and the overall 
orientation of one of the links, 0 .  The shape space is given by 
the two hinge angles. This type of dynamic system has received 
much attention in the literature [I], [2], [7j, (81. We are 
interested here in a modification of the special kinematic case 
presented in [I. Our modification includes an offset of the 
middle Link center of mass from the line connecting the two hinge 
points. The model can also be extended to include additional 
links; however, thrce links are sufficient (and necessary) to 
illustrate the attitude change effect. 
The primary relation of importance for our discussion is the 
angular momentum expression for the system. Since we are 
considering zero external torque on the system, angular 
momentum is constant throughout the motion of the appendages. 
The angular momentum p is written as: 
where 
The constants k, through k,, are functions of the link kinematic 
parameters only [a]. Note that the angular momentum is not a 
function of the orientation angle. The Lagrangian function 
constructed for this system would show that 0 is ignorable. We 
assume-that the appendages are excited according to: 
Further, this excitation is 'prsistent for a long period of time 
(several orbital periods). The excitation is characterized by (1) 
a phase difference between the two appendages (4, # &), and 
(2) a nonzero mean value # 0 and 4, # 0). The 
importance of these two assumptions is explained later. 
In order to make our results concrete, a set of parameters is 
selected for this example, representing an approximation of a 
large space structure with two flexible appendages (see table 1). 
For this example, (41,42) = (0.0, n/2), ($Io.$,) = (*J8.n/8), 
and a=r/8 rad. For this system, simulation results clearly 
indicate that there is a small but steady drift in the orientation 
angle of the base link (figure 2). 
Table 1: Parameters for 3 Link System 
Figure 2: Orientation Change for 3 Link System 
Example 2: Rigid Body with Moveable Point Masses 
Consider a model of a rigid space station module with two 
internal moveable masses, for instance representing astronaut 
motions, mobile robot motions, or a centrifuge facility (figure 3). 
This model is an adaptation of a model originally presented in 
[3]. The model is characterized by (1) the path along which the 
masses move, and (2) the carrier body inertia matrix and the 
masses of each element. For this model, R E SO(3) represents 
the orientation of the camer body with respect to the inertial 
frame and q, and Q are the position vectors of the oscillators 
with respect to the carrier-fmed frame. Also, 0 is the angular 
velocity of the body in the camer frame, 6 is the inertia matrix 
of the carrier body, and (^) represents the skew symmetric matrix 
formed by the components of ( ) under the standard isomorphism 
^:R3 so(3) given by: 
The important relation here is the angular momentum expression. 
Table 2: Parameters for Cylinder with Moveable Masses 
Fiiure 3: Rigid Central Body with 2 Moveable Masses 
where 
Consider again zero initial angular momentum. The body 
angular velocity vector is given by: 
where 
Ild=Xo+A I .  
For illustration purposes, these two point masses are assumed to 
move relative to the rigid body with the following motions: 
q ( t ) = [ r  0 d ( l + c o s ( ~ + O , l ) l r  
Ti 
q,(e)=[O r -d(l+coa(=*@,)) lr  (6  
T2 
Properties of this motion include (1) the masses are offsct from 
each other, and (2) their velocity vectors are orthogonal. Other 
motions could be chosen; these were chosen to illustrate general 
motions of the base body. (In particular, circular motions of 
either particle will directly lead to an attitude drift). 
The angular momentum equation can be integrated numerically 
for the given motions to obtain body rates over time. In order to 
illustrate how these body rates effect the overall attitude of the 
base body, consider an Euler 3-2-1 system represented by ($,9,4) 
attached to the base body, initially at (0,0,0) and integrate the 
following transformation quations from the body rates 
Q=(wx,w,,03 to the orientation ram, to obtain the base body 
attitude as a function of time, expressed in orientation angles: 
$=jogin4+o,cos4)  sece 
. 6- (oYcos4-o,ain4) ( 7 )  
+=ox+ (opin$+o,cos4)  tan0 
Again, to make this example concretc the sct of parameters in 
table 2 were used to define a simulation. The body rates for this 
simulation are shown in figure 4. The orientation angles for this 
simulation as a function of time are given in figure 5. 
Fiure 4: Body Rates for Rigid Body with Moveable Masses 
Figure 5: Attitude Drift for Rigid Body with Moveable 
Masses 
This example illustrates the orientation drift that can occur in 
three dimensions. 
Example 3: Non-planar 5 L i k  Modd 
Finally, consider a model for a deployment or construction 
squencewhere large elements are manipulated by a robotic arm. 
The robot arm is constructed with single degree of freuiom 
rotational joints; the overall system is represented by five links 
( s a  figure 6). The overall dynamics of this system for general 
link motions is very complicated. However, we consider a 
specific squence of relative motions so that at any instant the 
motion is planar, but the plane of the motion changes 
periodically. Again, thip system is characterized by (1) the 
distance b t t w a n  each link center of mass and the connecting link 
hinge points, (2) the mass and inertia of each link. The 
configuration space ia now given by the four hinge angles and 
suitable orientation parameters (in SO(3)) for one of the l i n k s .  








Figure 6: Five Link Nonplanar System 
A sequence of  threc major motions is performed. Each motion 
segment consists of a movement of the two coplanar hinges while 
the other two hinges are held fixed. For simplicity, we choose 
motions that consist of square paths in the shape space. The 
entire sequence consists of a segment using the inner joints, then 
the outer joints, and fmally the inner joints again (figure 7). 
Parameters for this example are shown in table 3. 
Figure 7: One Segment of Four Joint Motions 
Table 3: Parameters for 5 Link System 
The angular momentum equation is identical to example 1 for 
each of the motion segments. Equation (1) is numerically 
integrated for the given internal motions, using the appropriate 
kinematic parameters, to obtain the o, and o, body rates. In 
order to illustrate how these body rates effect the overall attitude 
of the base body, consider an Euler 3-2-3 system represented by 
(#,8,1$) attached to the center link. . This system is chosen since 
a rotation of the inner set of joints results in a change of the 3rd 
orientation angle directly and a rotation of the outer set of joints 
results in a change of the 2nd orientation angle. Note that o,=O 
for all motions in this case. The orientation angle system is 
defmed with the z axis pointing vertically upward before the first 
rotation. The system is initially at (r13,r/3.r13). The following 
transformation equations from the body rates to the Euler rates 
are integrated to obtain the base body attitude, expressed in Euler . 
coordinates: 
sin(4) 
sin (8) i 
e=oycos (4) ( 8 )  
Several cycles of the joints were used in order to illustrate the 
orientation change. The resulting motion of the orientat~on 
angles is shown in figure 8. 
Figure 8: Attitude.Drift for Five Link Nonplanar System 
Note that all threc orientation angles experience a drift. It can be 
shown for this system that any final arbitrary attitude can be 
achieved for the overall system through a series of planned 
motions as described in figure 7. In this example, the system 
rcturned to the same internal configuration at several times during 
the manipulation sequence; each time a new overall orientation , 
was achieved. 
Discussion 
These three examples illustrate different types of internal motions 
for a large structure such as the space station, however, the 
models have important similarities. The fundamental relation in 
all threc cases arises from the conservation of angular 
momentum, involving both internal velocities and external 
orientation. The internal motions, although possibly locally 
repetitive, are asynchronous or  out of phase with respect to each 
other. 
The examples have intentionally exaggerated the orientation 
disturbance effect for illustration purposes. The actual 
disturbance effect for a given system may be quite small for a 
single cycle of internal motions. However, for the space station, 
some of these disturbances are persistent, acting throughout each 
orbit. The net effect of these disturbances over a long period of 
time is additive and can result in significant attitude erron. 
resulting in greater than anticipated demand on the momentum 
management system. 
There are internal motions which result in no orientation change. 
For instance, in examples 1 and 3,  motions which are symmetric 
or antisymmetric about the origin in joint space result in no 
orientation change, independent of the magnitude of the motions. 
In general, the effect of any motion on the system orientation can 
be analyzed using the angular momentum expression and Stoke's 
theorem. For planar multibody systems, this has been done 




The integrand of this function can be plotted versus the joint 
angles for the parameters used in example 1 (figure 9). For 
example 2, a similar result can be obtained where the body axis 
rate components are found as a function of the two mass 
incremental motions. From the function shown in figure 9. it is 
apparent that motions which contain an area with nonzero integral 
will result in an orientation change. 
Figure 9: lntegrand of Equation 9 versus Joint Angles 
For general space manipulator systems, paths of minimum and 
maximum disturbance can be analyzed according to an enhanced 
disturbance map [ll]. This map represents the change in attitude 
which is experienced from an incremental change in joint 
variables, i.e. the angular momentum expression in differential 
form. Graphical techniques are used with the enhanced 
disturbance map to visualize low and high disturbance paths. 
Motions are planned to cross zero disturbance lines in regions of 
low disturbance effect and are planned to move parallel to zero 
disturbance lines in high disturbance areas. 
There are system characteristics and internal motion 
characteristics that accentuate or attenuate the attitude 
disturbance. For multibody systems, the effect is intensified 
through manipulating large inertias through large motions. Since 
the attitude disturbance effect arises as a consequence of 
conservation of angular momentum, similar results hold for any 
large space structure. Also, some internal motions can be 
planned to minimize the attitude disturbance or to cancel 
disturbances due to uncontrollable effects. These typea of 
planning strategies could be performed using maps similar to 
figure 8. 
Implications for the Space Station 
Models of the complete space station arc needed in order to 
perform a complete investigation of the internal motions which 
may disturb the space station attitude. From the examples here. 
multibody spacecraft and large platforms with articulating and 
moving elements can have significant attitude changes resulting 
from internal motions. The magnitude of the effect will depend 
on the mass distributions, the amplitudes of the motions, and the 
D path the motions take in shape space. The analysis involves 
consideration of the overall angular momentum and how it is 
exchanged during a motion, keeping overall momentum constant. 
Some planning for "controllable" motions like robot and astronaut. 
paths can mitigate some of the disturbance effects. These might 
be analyz* using equation 9 or the enhanced disturbance map 
given in [ill. The investigation of attitude changes from internal 
motions is important to minimize fuel required to operate the 
momentum management system on the space station. 
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